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This Module

* Course logistics/requirements
* Introduction to business analytics
» Course overview
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Available data is exploding
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The importance of data
Algorithm

1983
1988
1991

1989

Source: Shyam Sankar, Palantir Technologies
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Data

1991 1997

Deep Blue defeats
Garry Kasparov

2005 2005

Arabic to English
translation

2010 2011

1BM Watson wins
Jeopardy

2010 2014

GoogleNet classifies at
near-human performance
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Storage cost is plummeting
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Dollars per gigabyte

- Complete works of Shakespeare: 5 megabytes

- One DVD: 17 gigabytes (1000 megabytes in a gigabyte)

+ US library of congress (print): 10 terabytes (1000 gigabytes in a terabyte)
« Aterabyte hard drive now costs about $50
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Storage cost is plummeting
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Inthe "I'm getting old" department a
kid saw this and said, "oh, you 3D-
Printed the 'Save' Icon.”

| ’

This is brutal,
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The stakes are huge

MIT/Wharton study (2011,
Brynjolfsson et. al.)

« Study of 179 large publicly traded
firms

« Firms that emphasize data driven
decision making (DDD) and
business analytics perform
significantly better

+ Output and productivity 5-6%
higher after adjusting for other
factors

hitos:/fwvw.nytimes.com/2011/04/
24/business/24unboxed.html

Module 1 | Slide 11 of 236 4 Columbia Business School

Early reports on economic potential of business analytics

[ ———a

* McKinsey report (2011):

assessment of potential value

Bl
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+ US health care: $300B annual
savings

« European public sector: €250B
annual value

* Global retailing: 60% increase in
operating margins

- Personal location data: $600B
added consumer surplus

Bottleneck: analytics
talent, not data
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The need to be well-rounded

McKinsey&Company

Amnalytics tram
new must-have role

B i

“The search for vital analytics talent has often focused on data scientists. In this
article, we describe the overlooked analytics role that's even more critical to fill.”

“In many organizations, data professionals and business leaders often struggle
to articulate their needs in a language that the other can execute on.”
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The need to be well-rounded

ABGRESSIVE
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The need to be well-rounded

Monthly After-Tax Income vs.
Monthly Spending

Change in taxes, Sbillon
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Your unique position

* You are engineers at a business school

* This puts you in the position to be a super-analytics translator
— someone who can not only understand the analytics, but do
it too

* Whether you intend to be closer to the analytics side or closer
to the business side, you can bring both sides together

» The impact of doing this well can be enormous

» Demand for this combined set of skills is exploding
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Four high level goals

» Help you think critically about data and the analyses based
on those data

« Identify opportunities for creating value using business
analytics

« Teach you essential tools and theory so you can apply these
methods yourselves

« Our focus will be on deeply understanding the methods rather than
rigorous proofs — but we will develop real understanding

« Teach you how to talk about these concepts to less technical

audiences
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An interesting example




Target targeting mothers-to-be

Andrew Pole, Target analytics:
asked to identify pregnant women
(2002)

What did he do?

hitps:/iwww.nytimes.com/2012/02/1
9/magazinelshopping-habits.html
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Negative reactions

~ How does Target know I'm
1‘& pregnant?

o Tweet| § R (74

Jenna Karvunidis.
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Colbert report

¥ Facebook ¥ Twitter
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A matter of framing?

“With the pregnancy products, though, we learned that some women
react badly,” the executive said. “Then we started mixing in all these
ads for things we knew pregnant women would never buy, so the
baby ads looked random. We’d put an ad for a lawn mower next to
diapers. We’d put a coupon for wineglasses next to infant clothes.
That way, it looked like all the products were chosen by chance... As
long as we don’t spook her, it works.”

“We are very conservative about compliance with all privacy laws.
But even if you're following the law, you can do things where people
get queasy”.

Target executive to the New York Times
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Business impact
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Strong revenue growth from
$44B in 2002 to $67B in 2010

CEO Steinhafel: results due to
“heightened focus on items
and categories that appeal to
specific guest segments such
as mom and baby.”
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Shift in global privacy norms

» Regulations emerging
« EU General Data Protection Regulation (GDPR)
« California Consume Privacy Act (CCPA)
* Rights of consumers
« To obtain their data
« To prevent the sale of personal data to other parties
« To be forgotten

+ Slow change in norms
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How is it done? The course
plan...

Three elements of Al
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Predictive analytics

Predictive analytics is about predicting

future outcomes based on data about past

outcomes. Predictive analytics use cases

form the bulk of the goldmine, and will be
} the focus of the class

' \

The past data is called training
data and this is often called
supervised learning
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Predictive analytics

Use past data with
known outcomes to
train a model

Data

(features)

Make predictions for
new data with unknown
outcome. This is known

as inference

Data

(features)
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Outcome
of interest

Predicted

outcomes

“4- Columbia Business School

Example: the Zestimate

2Zillow

?

s my home worth

How muchi

obigation

- F.na-mw":"'l
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Example: the Zestimate

Previous
transactions,
Use past data with surrounding Price of
known outcomes to transactions, property at date
train a model market X

conditions
before date X

Previous
Make predictions for transach:.ns, / Predicted \
new data with unknown tf::so:cr:ic;:g “ price of “
outcome. This is known b
\ roperty on |
as inference market \ P dpt ,VY ]
conditions ate
before date Y,
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Three elements of Al
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Example: Orbitz

THE WALL STREET JOURNAL.

Teers Steered t0 Pricier Hotels

On Orbitz, Mac User

ByDanaMattioli
Updated Aug.23,20126

Orbitz Worldwide Inc. has found that people who use Apple Inc. Mac
computers spend as much as 30% more a night on hotels, so the online
travel agency is starting to show them different, and sometimes costlier,

travel options than Windows visitors see. ... "We had the intuition, and we
were able to confirm it based on the data," Orbitz Chief Technology Officer
Roger Liew said.
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Three elements of Al
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Example: CBS Clusters

Columbia * Every incoming CBS class needs to be split into
Business clusters, and each cluster into learning teams
School » These groups are subject to many constraints
on the size and diversity of each cluster, on
many dimensions (international, gender,
industry background, race, etc...)
» Optimal clusters are of the right size
» CBS uses an optimization algorithm to find the
best composition of each cluster to balance all
these requirements.
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Example: Copenhagen Airports

M » Planning gate and check-in counter assignments at
Copenhagen Airports airports is an enormously complicated task
« Certain aircraft can only park at certain gates
« Airlines prefer to have their gates close to each other
« There is only limited space for gates, and not all
gates can be placed next to each other
« Flexibility is required to modify these assignments in
the future
» Copenhagen Airports use a complex Gurobi-based
optimization problem to find the best assignment in ~5

This class

e

Explain

Predict
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Optimize
minutes p > (FJD
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This class This class
Pandas & Linear Logistic Signal and
i gressi i noise
Easier but
— o >4 new
Introduction DIG. 2 lelow @ m
nomis

Recommender Evaluating binary Regression to the Difference in
systems predictions mean differences

Conclusions Harder but

Simulation Optimization Efficient frontiers -
D J ] familiar
More More business-
gm E |,.a)' mathematical
o

case focused
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Course materials

* The following will be posted on Canvas
* Lecture slides
- Cases
= Jupyter notebooks

 The slides are designed to be comprehensive
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Grading

- Final exam: 50%

* In class during our last one or two lectures

* Multiple choice — no computer/phone required or allowed
* Homeworks: 25%

+ These will be graded on effort

* Solutions

- Attendance and participation: 25%
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Advanced material
* In many lectures, | will cover material that is more advanced
than the rest of the class
« This will usually be material of a more mathematical nature
« When this happens, the slides will be outlined in blue

» The mathematical content of these slides will not be examined
in the final exam, but the concepts underlying it might be

« Very rarely, some cells in the Jupyter notebooks will appear
with a blue background, indicating advanced coding concepts
beyond those we cover in this class. Most of the time, we’ll be
able to avoid this
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Help!!!

All emails about this class should be sent to

ba@quetta.com

This sends the email to me and to all TAs, and uses a roboTA to
keep track of all emails — if we don’t respond to you fast enough, it’ll
bug us until we do!

If you respond to a response and that response requires a reply,
make sure to “reply all” so that ba@guetta.com stays copied.
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Python and math
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Python and math
Coding and mathematics are the workhorses of Business
Analytics
But they are not what this class is about

That said, there’s going to be no way around knowing some
coding/math to appreciate what we’re doing in this class

You will find the first 3-4 lectures will be much heavier on the
mathematics/coding, whereas the remaining lectures will still
introduce new techniques, but will also be much more case-
focused
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Python
The first homework for this class won't be due for at least 3-4
weeks

During this time, | will expect you to go through a basic Python
class, to learn the fundamentals of the language

Some of you will already know Python, or have gone through this
class pre-semester and won'’t need to do this

You will do this by going through the following Canvas class
https://courseworks2.columbia.edu/courses/152704

By the end of week 3, | will expect you to have passed the
Basic Python Qualification exam here:

http://cbspython.herokuapp.com/
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Python

4 Columbia Business School

python Platform

==
S
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Math pre-requisites
Basic algebra
Basic calculus
Basic matrix algebra

| have included two handouts on Canvas to help you catch up
with these pre-regs if you're rusty

They include “class exercises”, which will guide you through
calculations we’ll do in class before we do them
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Important note

This is not a programming class and not a math class. We will
cover programming and math, but only to the extent they are
required to demonstrate, and deeply understand the tools we
will learn. We will cut corners by writing code that is not as
efficient as it could be. We will also eschew mathematical details
in proofs. There are plenty of other classes I'll recommend at the
end that you can take to go more in-depth; our focus will be
business analytics
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Random variables

Common
distributions

Population
parameters &
sample statistics

Population parameters and
statistics

Population

s Sample statistics

Distribution of
sample statistics

Population parameters

» Population parameters refers to truths about the world that
we typically care about.

« For example:

 The average willingness to pay for a new iPhone in the USA

* The proportion of people in the USA who would say they would vote
for a democrat if asked in a phone poll

 The extent to which the COVID vaccine reduces the chance of
getting COVID

» The extra monthly rent people are willing to pay in NYC to rentin a
building with a gym
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Statistics

+ Unfortunately, we can (almost) never observe these true
population parameters because we can (almost) never
observe the whole population

- Instead, we observe a sample, from which we can calculate a
statistic, which will likely depend on the population parameter

« For example:
* The proportion of people who said they would vote for a democrat in
a phone survey involving 100 people
* In a clinical study of the COVID vaccine, the difference between the
proportion of people in the test group and control group who got

Statistics

- Statistics is all about trying to figure out what a statistic based
on a sample can tell us about the population parameter

« For example:

» 52% of people in our phone poll said they'd vote democrat; what
does that tell us about the country as a whole?

« In our clinical study, 1% of people in the test group got COVID, and
3% of people in the control group got COVID. What does that tell us
about the efficacy of the vaccine?

- etc...

« This is hard because even though population parameters are
constant, statistics are random — if we collect a statistics on
two different samples, they'll be different even if the population

COVID K
g parameter is the same
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Statistics Random variables
Let's consider a simple example... * Arandom variable is a number that might take different values
every time it is measured
q - Each time it is measured, the value we get is called a realization
Population Sample . ) .
o ) o ) - « A statistic based on a sample is a random variable
Every single time in the history of the world anyone Assingle time someone flipped a coin twice . . . N
has ever flipped a coin twice * To fully describe a random variable, we consider all the values it
) L. could take and the corresponding probabilities (the proportion of
Population parameter Statistic times the realization is equal to that value) - this is called the
The probability heads will show up when a coin is The number of times heads came up those two random variable’s distribution

flipped times

Parameter value Statistic value

0.5 222277
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« In the example on the previous slide, the statistic’s distribution is

0 Ya
1 2
2 Ya
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Random variables

» How did we figure out the probabilities on the previous slide?

« We simply looked at every possible outcome the variable could
take...
* HH (2 heads)
* HT (1 head)
* TH (1 head)
« TT (0 heads)

«...and calculated probabilities using the proportion of outcomes
that would lead to that value of the statistic given the
population parameter
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Random variables

Common
distributions

Population
parameters &
sample statistics

Measures of location,
dispersion, and correlation;
from concepts to numbers

Population

paramaters Sample statistics

Distribution of
sample statistics

- Columbia Business School

Evaluating salespeople

McKinsey
& Company

pace peers in sales

How top performers out
productivity

{op-pernmers-cupace-peersi-sales-productvy
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Concepts vs. numbers
« Part of the problem with answering these questions is that they
involve concepts

= Concepts are inherently fuzzy — what does “best” and “most
reliable” mean?

« The first part of Business Analytics is modelling — converting a
concept to a number that we can objectively compare
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A few options

Evaluate each salesperson using

» The sum of the salesperson’s contracts closed over the last
12 months

« The mean of each salesperson’s contracts closed over the
time they’ve been employed

» The median of each salesperson’s contracts closed over the
time they’ve been employed

What are some pros and cons of each?

Module 1 | Slide 69 of 236 4~ Columbia Business School

The mean

The mean takes the sum of contracts closed, and divides them by
the total number of months the employee has been working for us.
Let x; denote each point, and N the number of points
Sum of all the points 1 ZN x
L
i=1

Number of points N
The mean has a number of great properties:
* Replacing every number by the mean doesn’t change the sum
* The mean minimizes the mean squared error (see next slide)
* The mean has roots in the normal distribution (later)
« Some nice statistics can be used to estimate the mean (later)

Mean (p) =
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The mean and the mean squared error

Suppose we want to pick the measure of location o that
minimizes the average squared distance from every point... Let
X; denote point i. We want

0 U 2
— ) (x, — =0
2500

N
-2, ) =0
i=1

N
(ZXJ—N&):O
=

1N

=—S'x =
OTNZN
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The median

The median finds the “midway point”

Specifically, we order the points in ascending order, and find
the point in the middle. If there is an even number of numbers,
we average the two numbers in the middle

The median has a number of great properties

« It is not heavily affected by very large or very small numbers

* It minimizes the absolute squared error (next slide)

+ Unfortunately, it doesn’t share any of the mean’s nice
statistical properties (later)
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The median and the absolute error

Suppose we want to pick the measure of location o that
minimizes the average absolute distance from every point... Let
x; denote point i. We want

a N
9 VIx —al=0
Bqualto L if Xi > O aw;‘ ! w‘
and 0 otherwise
(et ~igeor ) =0
i=1
N N
Zﬂx,m) = Z/:x,«u) G2
i=1

In other words, a point o such that as many points are larger
than it and smaller — the median!
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A few options

Evaluate each salesperson using
The most contracts they closed in a month minus the least

The mean of the square of the difference between each
point and the mean - this is called the variance

What are some pros and cons of each?

There are other options (eg: the square of the difference
between the point and the median, the absolute difference of the
difference between the point and the mean, etc...) — but they
don’t have great statistical properties
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The variance

Suppose each point is denoted by x;, and that there are N points
in total. The variance is calculated as

o2 = PO
N

A downside of the variance is that it isn’t in the same “units” as
the original variables; for that reason, me often use the square
root of the variance, called the standard deviation
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The variance

Suppose we have N points, each denoted x;.

X’.. N — \
. °X.
ol
. o

1
u= NZX'
i
&= li(x —u)? // . © The meantsn
NG L o mensure of Location
Thevarianeeis a . ° .
wepsure of spread o .
. .
o
XN
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An easier way to calculate the variance
There’s an easier way to calculate the variance
N
o? :%;(x,—uf

1 S 2 2
:N;(X’ —2ux;+11*)

M=

N

2 1 — 2

=P +=Yx

KX =
1 &

:;12+72Xf72u2
N
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Back to salesforce analytics

So how could we initially find the
best salesperson and the most
reliable?

Best: find the mean for each
salesperson, find the one with the
best mean

g N eers o sales|
How top performers outpace peers in sale

productivity Most reliable: find the variance for
each salesperson, find the one with
the lowest variance
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The covariance

The covariance allows us to figure out whether two variables
tend to move “in the same direction”. Suppose we have N
observations of Xie’s and Juan’s performance. Let Juan’s
performance in a given month be x;, and Xie’s be y;.

N

Covariance = %Z(Xf =Y = #y)

i=1
If Juan’s performance tends to be higher than average when
Xie’s is, both terms will be positive and negative at the same
time; the covariance will be positive. If they're unrelated, the
terms will have the same sign sometimes, and different signs
other times; they’ll cancel out; the covariance will be close to 0
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An easier way to calculate the covariance

1 N
Covariance = DX = 1 Y = 11y)
i

1(& N N N
:N(ZX% _ﬂx;y( _ﬂV;X/' +/’xﬂv;1)

i=1

1( &
= N(inyi =Ny py =Ny gy +Nﬂxﬂyj
[E

=Mean of the product of the two variables — u, 11,
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The correlation

The problem with the covariance is that it depends on the scale
of the variables. If the variables are large, the covariance will
be large

The correlation standardizes by the variance of each variable
to get a number between —1 and 1

_ Cov(X,Y)

OxO%y

Correlation(X,Y) (o)
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Back to salesforce analytics

- Salespeople are often paid based on
the number of contracts they close

* There might therefore be incentives
to “game” the system

+ Suppose your salespeople close a
mean of 23 contracts/month, with a
standard deviation of 4 contracts

- One month, Bob reports closing 47
productivity contracts — seems a little high. But is
it suspiciously high? What's the
probability of his closing so many
contracts?

g N eers o sales|
How top performers outpace peers in sale
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Chebyshev’s Inequality

Astonishingly the mean and the variance alone are enough to
make a strikingly general statement

The probability of observing a value of a
quantity more than k standard deviations
away from its mean is less than 1/k?

This is called Chebyshev’s Inequality, and we’'ll be able to
prove it a little bit later
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Back to salesforce analytics

* The mean contracts closed per month is 23, with a standard
deviation of 4

« Bob closed 47 contracts — that is (47 — 23)/4 = 6 standard
deviations away from the mean

+ According to Chebyshev’s Inequality, the probability of
observing a value this far from the mean is less than 1/62 =
around 3 in 100

+ As we'll see later, if we know more about this quantity we might
be able to get this even tighter (i.e., the probability will be
even less)
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sample statistics

4
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Random variables
Common
distributions

Population
parameters &

More on random variables;
the expectation, the variance,
oo and the covariance

parameters Sample statistics

Distribution of
sample statistics




Reminder: random variables

Arandom variable is a number that might take different values
every time it is measured

Each time it is measured, the value we get is called a realization
The distribution of the variable is a list of all the values it can
take, and the probabilities of each value
For example, if a fair coin is flipped, the result is a random
variable that can take “heads” with probability 'z and “tails
with probability 2"

If a fair coin is flipped twice, the number
of heads is a random variable, with the 1 1
distribution listed to the right 2 %
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The expectation

Take a random variable X, observe it an infinite number of
times, and find the mean of all the realizations

We can use the distribution of a random variable X to

calculate what we would expect that mean to be — this is called
the expectation and is denoted E(X)

We can calculate it as follows S
“probability
EXX) = E xP(X = x;)

All the possible
realizations x; of X

The expectation

Let’s calculate this for our simple example

Potential Probability _
P(X = x) X; P(X= X))

0 Ya 0
1 Ve Y
2 Ya Y2

Sum — 1

This means that if we get an infinite number of people to toss
a coin twice, record the results, and find the mean, we’d get 1
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Subtle, but important difference i Expectation of the sum of random variables
expectation

Consider these two numbers /’

Get 100 people to each toss a coin

Get infinite people to each toss a coin
twice. Record the number of heads
each get. Find the mean of the results

twice. Record the number of heads
each get. Find the mean of the results

This is a statistic (based on a
sample) and it is a random
variable; if you do this again again and again and again,
and again and again, you'll get you'll get the same result

different results each time each time

This population parameter is
a constant; if you do this
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Suppose you have two random variables X and Y, with
expectations E(X) and E(Y) respectively. For example:
X is the number of heads you get if you toss a coin twice; E(X) = 1
Y is the score that comes up if you throw a die; E(Y) = 3.5

Suppose that for some reason, you decide to toss a coin
twice, double the number of heads (2X), throw a die, triple
the score you get (3Y), and sum the result (2X + 3Y). Suppose

you do this an infinite number of times. What's the mean?
Meet your new best friend: ok proves

E(aX + bY) = aE(X) + BE(Y) i
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The variance

- Take a random variable X, observe it an infinite number of
times, and find the variance of all the realizations

* In other words, for every realization x, subtract the population
parameter E(X), square it...

+ ...and then find the average of all of them
« It should be straightforward to see that

Var(X) = E[(X — E[X])?]
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An easier way to calculate the variance

Again, there is an easier way to calculate the variance

Thisisthe expected

value of @ CoNSERNE

~ {rs just equalte
the comstant

Var(X)= E[(XfE[X])Z}
ow wse E(axHOY) = AE0O + /ﬂ =E(X —2XE[X]+E[X] )
bE(Y); every (ren n ved inthie _ E(X2 ) B 2E(X)E[E(X)] . E[E(X)Z}

ationis @ vandow varlable, and
7 Trem i greenis & constant , [

every =E(X?)-2E(X)E(X)+E(X)
=E(X?)-E(X)?
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The variance

Let’s calculate this for our simple example

Potential Probability = 2 o
A
0 0 Ya 0 0
1 P )

1 Yo A V2
2 4 Ve Ve 1
Sum — EX)=1 E(®) =15
Therefore

Var(X) = E(X?) — E(X)2=15-12=0.5
This means that if we get an infinite number of people to toss
a coin twice, record the results, and find the variance, we’d
get 0.5
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Subtle, but important difference e e
variable
Consider these two numbers /’ randors

Get 100 people to each toss a coin
twice. Record the number of heads
each get. Find the variance of the
results

Get infinite people to each toss a coin
twice. Record the number of heads

each get. Find the variance of the
results

This is a statistic (based on a

This population parameter is
sample) and it is a random

a constant; if you do this

again and again and again,

you'll get the same result
each time

variable; if you do this again
and again and again, you'll get
different results each time
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The covariance
« Take two random variables X and Y; observe pairs of

realizations an infinite number of times, and find the
covariance of the results

« It should be straightforward to see that
Cov(X,Y) = E[(X — E[X]D(Y — E[Y])]
+ Using a trick similar to the one we’ve been using...

Cov(X,Y) = E[XY] — E[X]E[Y]
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Variance of the sum of random variables

+ Suppose you have two random variables X and Y, with
expectations E(X) and E(Y) respectively. For example:
« X'is the number of heads you get if you toss a coin twice; E(X) = 1
« Yis the score that comes up if you throw a die; E(Y) = 3.5
+ Suppose that for some reason, you decide to toss a coin twice,
double the number of heads (2X), throw a die, triple the
score you get (3Y), and sum the result (2X + 3Y). Suppose you
do this an infinite number of times. What's the variance?
* Meet your (second) new best friend:

Nat'pvo\/w(mvc‘.
Var(aX + bY) = a?Var(X) + b?Var(Y) + 2abCov(X,Y)
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The cumulative distribution function

We have so far defined a distribution by the probability of
each outcome, P(X = x)

Sometimes, it is more convenient to define the distribution of X
by its cumulative distribution function (CDF):

Fyx(x) =P(X <x)
The distribution and the CDF both fully describe X

Forexample e
0 Ya Ya
1 A Ya
2 Ya 1
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Continuous random variables

In the example on the previous slide, the random variable
could only take a few discrete values

We'll also see examples of continuous random variables,
which can take a range of continuous values

It's obviously impossible to manually specify the probability of
each value in such a distribution, so instead we define a
density function — for each value, it tells us how likely that
value is. The density function of a random variable X at the
point x is denoted fy(x)

Let's look at an example...

Module 1 | Slide 104 of 236 4- Columbia Business School

Continuous random variables

Pick a random man in the USA. Let X be that person’s height.
What is the distribution of X? e perconis woSt

ﬁ Lieelyj to be 70 tnohes
The area wnder this > high

curveis a probabilicy <

sl surws ko T over Ene J,/ X )
enire curve y 4 \ /—\ This bs £ (<)

/ \
\“ It's almost wwqal.mtm
‘ i the
) fwpossible for
22
" e s A ersonto be AOOVE
% KWM 55?\’,\/&5 eI\ s b
e progY \
7 Likely
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Continuous random variables

What is the probability someone is exactly 70 inches? 0. What
is the probability someone is between 68 and 72 inches?

s the ayey
wndler this oy
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°
Continuous random variables

Continuous random variables also have means, variances, and
covariances, though they need to be calculated by integration

Var(X) = E(X?) — E(X)?
Cov(X,Y) = E(XY) — E(X)E(Y)

All of the results we've derived in this section also apply to
continuous random variables too

E(aX +bY) = aE(X) + bE(Y)
Var(aX + bY) = a?Var(X) + b?Var(Y) + 2abCov(X,Y)
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Continuous random variables — the CDF

We can also define a continuous random variable by its
cumulative distribution function... For example:

This avea, or

exancple, is F(E)
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(Sketch) Proving Chebyshev’s Inequality
o =E[(X- ']

(X = p) 2 (ko) _(X-u) < (ko)

3 3
k*c? 0
0 2 K°o*P[(X - uY 2 (ko) ]

U

1
P(\X—y\zka)sF
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Random variables

Common
distributions

Population
parameters &
sample statistics

The betterment case

Population
parameters

Sample statistics

Distribution of
sample statistics

Betterment: disrupting financial services

better way
t

g >

Jonathan Stein
Board Member, Founder, and CEO

Founded by Jon Stein, CBS ‘09
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Key decision: stocks or bonds?
Purpose-built investing
portfolios.

50 | 50

Stocks | Bonds

Kitchen Renovation 60 | 40

Stocks | Bonds

Avery's College Fund 90 | 10

Stocks | Bonds

Dream Retirement
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°
Historical data
Consider two (fictitious but representative) ETFs (exchange

traded funds)
Standard deviation
of returns

10% 15% } Correlation p

Stock ETF
8%

Bond ETF 5%

(These numbers can be worked out using historical returns data
for both ETFs)
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[ J
Expected and standard deviation of returns

Suppose we invest in a portfolio that is a% stocks, and b%
bonds...

E(Portfolio)= aE(Stock) + bE(Bonds)
=0.12+0.05b

Std(Portfolio)= y/a’Std(Stock )’ + b2Std(Bond)? + 2abCov(Stock,Bond)
= \/82 x0.15% + b? x0.082 —2abx0.3x0.15x0.08
=+/0.022547 +0.0064b% —0.0072ab
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Resulting portfolios

Investing in
stocks only

Mean return

Investing in
bonds only

™% % 1% 19% 15%
Standard deviation
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Side note — what | do...

Etrade Portfolio Rebalancer with tax-loss harvesting oo

hitps:/github com/danguettalrebalancer
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AT THE VERY CENTER OF BUSINESS

Random variables

Common
distributions

Population
parameters &
sample statistics

Picking sample statistics; the

sample mean and the sample

Population

aamalors Sample statistics

Distribution of
sample statistics

variance

Picking a sample statistic

What we have

what we want

A sample

Population parameter
Xy, Xoy ooy Xy

Module 1 | Slide 122 of 236 4 Columbia Business School

Picking a sample statistic

 There is a whole theory covering the art of picking the best
statistic to estimate a population parameter

« If this were a pure stats class, we’'d spend half a semester on
that theory

* Instead, we’'ll focus on one specific aspect, to give you a
flavor — the requirement for a statistic to be unbiased

- If a statistic is unbiased, its expectation is equal to the
population parameter we're trying to estimate

4 Columbia Business School Module 1 | Slide 124 of 236 4 Columbia Business School
An example An example
Population

Every single man in the united states today

Population parameter

The mean height of men in the united states

Parameter value

u

Sample

A sample of N men in the united states, whose
heights were measured

Statistic

The sample mean height of those N people
Xi+ X+ Xy

X = N

Is this statistic unbiased?
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E X+ X, ++ X,
N

1
} =NE[X1+X2+~--+XN]

:1(E(X1)+E(X2)+---+E(XN))

N
= EX +DE(Y
X +bY)=8 1
Ea =—(ptp++u)

N
=u

The statistic is unbiased!
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Another example

Population

Every single man in the united states today Sample

A sample of N men in the united states, whose
heights were measured

Statistic

The variance of the height of those N people
= X)*+ -+ Xy - X)?
N

Population parameter

The variance of the height of men in the united
states

Parameter value 62 =
02

Is this statistic unbiased?
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Another example
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Intuition

~
estimated vMaw.Bem’M’se it's
escimated from data, ic's .
Likely to be eloserto the polnd
o AVErAQE, Leading t/o a
slightly cwmallervariance

Thisis an exampleof ¢
phfvwmemowmucd i
Whieh we will g agat,
and again iy, this elogg "
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Truemean b which
_— edowtoerto observe

a
i

1

! [ .XZ
o

i o

i

i o

I

| e

1 .

1 Xy

4 Columbia Business School

Intuition

What we want

1 _
What we have o2 = s [(X, ~ X)2:|
: Thisis called the sample
varianee
. - -
Fow we it 8= g6 -Xr]—
=
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AT THE VERY CENTER OF BUSINESS

Random variables

Common
distributions

Population
parameters &
sample statistics

Common distributions

Population

s Sample statistics

Distribution of
sample statistics

Common distributions

* There are many distributions that commonly arise in
business applications
* You can learn about them all, and more, in a probability class
« In this section, we'll cover three distributions which will be
essential in this class
* The uniform distribution (discrete and continuous)
* The binomial distribution
» The normal distribution
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The discrete uniform distribution

- The discrete uniform distribution can take integer values
between a lower point L and an upper point U with equal
probability

- For example, the score you will get if you roll a fair die will be
uniformly distributed between 1 and 6

« There are U — L + 1 possible points, so the probability of each
pointis1/(U-L+ 1)
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The continuous uniform distribution

* The continuous uniform distribution can take any value
between a lower point L and an upper point U, with equal
probability

» For example if you randomly throw a dart at a rectangle, the
distance it will land from the end of the rectangle will have a
uniform distribution

This full aren ist

L
= B
o

x—-L
FO=g_L

Value
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The bionomial distribution
« Consider a game in which the probability of winning is p, and
the probability of losing is 1 — p

= Suppose you play this game n times, and that each of those
plays are independent

- Let X be the number of wins you achieve in total
* Then X follows a binomial distribution, with parameters n and p
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The binomial distribution

* The green card lottery
provides some non-citizens ) .
the opportunity to get a o——

“green card” every year

« For French citizens, the
probability of winning is .
1.17% |

+ Suppose 20 French citizens
apply in one year. Let X be
the number of people who win
it

iversi i Visa
Diversity tmmigrant
Program (Green Card Lottery)
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The binomial distribution

In this scenario

X~Binomial(n = 20,p = 0.0117)

Probabiliey, o

sty of eries
“Successr
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The binomial distribution

Consider three questions
What is the probability exactly one person wins the lottery
PX=1)
What is the probability no more than one person wins the
lottery
P(X<1)=Fx (1)
| want to buy enough “congratulations” presents for winners,

and | want to guarantee there’s at least a 99% chance | have
enough presents. How many should | buy?

F(0.99)
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Important properties of the binomial

Mean: np
Variance: np(1 - p)

import scipy.stats

A ] C D E F G

o » 2 2 2 PS n =20
1+ The binomial distribution in Excel p = 0.0117
2
3 n 20 x=1
4 P 0.0117 q=0.99
6 x 1
7 “ % print(scipy.stats.binom.pmf(x, n=n, p=p))
8 y print(scipy.stats.binom.cdf(x, n=n, p=p))
9 Pix=x) 01871, print(scipy.stats.binom.ppf(g, n=n, p=p))
10 Fabe) 09774, [<BINOMINV(C3.C4.CT) ©.1871125723594806
n Fi'(q) 2 )

©.9773833213461247
2.0
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The normal distribution

The normal distribution is the most important continuous
distribution out there. lts probability density function is

B ean of the
Sk /_\ Thisis TR Sieo
ZAl attribucion Tbt\sm
/ \\ e valug Wit o
/ \ vighest denstd
/03 \
/ \
/ (__>\ The width of the
Important: do not / oo \ distribution is the
confuse the / j standard deviatipn; ¢ g
variance and / \ of thearen s wit, ¢
\ Ais within
standard deviation / 3 X standard deviatip, of
// 0 XY the mean
A ™
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The normal distribution

You own a tanning bed company, and you design your tanning
beds to accommodate people up to 75 inches tall. Let X be the
height of a man in the united states

What is the probability a man will fit in your tanning bed

P(X < 75) = F,(75)

You want to make sure your tanning bed fits at least 99% of
men. How tall should you make it?

F(0.99)
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Important properties of the normal distribution

Mean: y
Variance: 0?2

A ] G D E F G
The normal distribution in Excel
70
3

75
0.99

CENOLE W =
ax aF

Slx) 00332 o G RM.DIST(C6,C3,C4, TRUE),

Falx) 0.9522

+ [=NORM.INV(C7,C3,C4)

Fx'la) 76979

258
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import scipy.stats
1
signa = 5

a = 0.9

scipy.stats.norm.pdf(x, locenu, scalessigma))
scipy norm.cdf(x, locemu, scalessigma))
scipy.stats.norm.ppf(q, locsmu, scalessigms))

0.04839414490382867
0.8413447460685429
16.407757827723003
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Important properties of the normal distribution
If
X~Norm(u,c?)

then

aX + b~Norm(au + b, a?c?)

(Note: this is a stronger statement than
just saying E(aX) = aE(X) and
Var(aX) = a?Var(X), which is true for all
random variables)
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Important properties of the normal distribution
If
X~Norm(uy, 02) ana Y ~Norm(uy, o)
then

X +Y~Norm (ﬂx + py, 02 + 02 + 2Cov (X, Y))

(Note: this is a stronger statement than just
saying E(X +Y) = E(X) + E(Y) and Var(X +
Y) =Var(X) + Var(Y) + 2Cov(X,Y)
which is true for all random variables)
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The Z-score

+ Suppose X is a normally distributed random variable with mean
1 and variance o2

- Because of the properties of the normal distribution that we
discussed
—U

~N(u=0,0=1)

« This is called a “Z-score”, and it is a convenient way to
compare values from different normal distributions with
different parameters
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The normal approximation to the binomial
*When n is large, it can be shown that the binomial distribution
is very closely approximated by the normal distribution
- So if
X ~ Binomial(n = n, p = p)
and n is very large, we can approximately say that
X ~ Normal(u = np, a2 = np(1 — p))

« This is useful because the sum of two normal random variables
is normal, but the sum of two binomials is not binomial
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The normal approximation to the binomial

Suppose X is a binomial random variable with n = nand p = 0.3.
Let Y be a normal random variable with mean np = 0.3p, and
variance np(1 —p) = 0.21p.

105 /Fx (n/.g)
|

Probability
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The NYC Gifted & Talented Exam Case

The New ilork Eimes
More in New York City Qualify as

Gifted After Error Is Fixed

ats in public school gifted and
rs in scoring the tests used for

talented progra
admission, the Ed

jucation Department said on Frid

i
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The errors were discovered when
two parents, one a statistician,
complained that their children had
been incorrectly scored, the
department said.

According to Pearson, three mistakes
were made. Students’ ages, which
are used to calculate their percentile
ranking against students of similar
age, were recorded in years and
months, but should also have
counted da}/s to be precise. Incorrect
scoring tables were used. And the
formula used to combine the two test
parts into one percentile ranking
contained an error.

4~ Columbia Business School

The NYC Gifted & Talented Exam Case

Students are eligible for district G&T programs if they score in
the 90t percentile... Anne scored as follows

Test Standard Percentile
deviation

Verbal 119/150 100 16 88.30
Non-verbal 123/160 100 16 92.51

What do those percentiles mean? Where do they come from?

Module 1 | Slide 152 of 236 4 Columbia Business School

The test results are normally distributed

NAT2FI JROV DA Bt WG
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Verbal score

Anne’s verbal score is 119. On average, students scored 100
with a standard deviation of 16. What proportion of students did
worse than that?

0.882485
Hence scoring in the “88t percentile”. Note that a more

traditional way to get this number is to first find the so-called “z-
score” (119 — 100)/16 = 1.1875, and then to calculate

04882485“ =NORM.DIST(1.1875,0,1, TRUE)

Why does this work? Because the z-score is N(0O, 1)
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The “combined” score

The combined score is
0.35 x Verbal + 0.65 x Nonverbal
So Anne’s combined score is 121.6.

The mean of combined scores is
0.35 x E(Verbal) + 0.65 x E(Nonverbal) = 100
The overall standard deviation is
/0352 x 162 + 0.652 x 162 + 2 X 0.35 X 0.65 X 16 X 16 X p

=,/139.52 + 116.48p

The “combined” score will also be normally distributed... Why?
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The “combined” score

Correlation STDev Percen

QRT(139.52+116.48"B5)

o1 48 T 100.0% ™
8 ‘80708 99.9% |=NORM.DIST(121.6,100,C5,TRUE)|
-0.6 8.34458 99.5%
04 963992 98.7%
02 107807 97.7%

0 11.8119 96.6%

0.2 12.7599 95.5%
0.4 13.6423 94.3%
0.6 14.4709 93.2%
0.8 15.2546 92.2%

1 16 91.1%
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Random variables

Common
distributions

Population
parameters &
sample statistics

Population

parameters Sample statistics

Distribution of
sample statistics

Identifying the distribution of
statistics
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A first easy example from before A second example
Population Sample

Every single time in the history of the world anyone
has ever flipped a biased coin twice

Population parameter

The “biasedness” of the coin; i.e., the probability p
of the coin coming out heads

Parameter value

A single time someone flipped a coin twice

Statistic

The number of times heads came up those two
times

Statistic distribution

P

0 (1-py
Side note: (1 R 1 2p(1-p)
FPEp) 422y g 2 P

expested... \/
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Population

Every single person in the united states today

Population parameter

The proportion of people in the united states today
who would answer “democrat” if asked “whom you
would vote for if the election were held today”

Parameter value

p
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Sample

Asurvey carried out using N respondents, asking
them whether they would vote democrat or
republican if the vote happened today

Statistic

The number of these N people who said “democrat”

Statistic distribution
Binom(n = N,p = p)

“4- Columbia Business School




A third example

We know that E(X;) = 4 and

[ J
A third example /Var(Xi) = g2 for all the X;

Population

Every single man in the united states today

Population parameter

The mean height of men in the united states, and
the standard deviation of heights of men in the
united states

Parameter value
u o
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Sample

A sample of N men in the united states, whose
heights were measured

Statistic

The mean height of those N people
o X+ X+t X
X= 1 2 N
N
Statistic distribution
777

4} Columbia Business School

X+ X+ X
X = 1 2 N

So we know that

=0 alssnmlng thevariaples

N n'reww! NAENE ~ eg) e
diddn't pick pegpy inpone
family to colleer 1y data

— 1 1
EX) =< [E(X) + -+ E(Xp)] =NN# =pu

N

— 1 g
Var(X) = m[Var(Xl) + .-+ Var(Xy) + Covariances] = —

But what is the full distribution?
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A third example

P

We know that FE¢)=t-and
Xi~N(k, 0%)

—_Xl +X2+"'+XN

And therefore...
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Keeping our head on straight...

MRS

Population mean y,
population standard
deviation o

Sample mean

X Xy pe:
=0Ty (W
N ("

~~—Sample variance

2 1 N 72
e DS
We know E(S?) = 02, but we haven't discussed

how to find the distribution (it's hard...)

“4- Columbia Business School
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A fourth example

Population

Every single person in the united states today

Population parameter
The mean time of day at which the person was
born (i.e., the mean number of minutes since
midnight), and the standard deviation of that
number

Parameter value

u o
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Sample

A sample of N people in the united states, whose
time of birth were collected

Statistic

The mean time of birth of those N people
XX Xy
S T
Statistic distribution
7?7
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A fourth example

This is still true...

We know that E(X;) = & and
* A third example Var(X) = o* for all the X;
= X1+X2+"'+XN_
N

N

So we know that i _

E(X) = EC) + -+ EQl=gNu=# "

X : - + Covariances] = —

var(X) = m-[Vm (Xy) + -+ Var(Xy) %
But what is the full distribution?

Mo 1] 5ide 164 o 298
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A fourth example

The distribution of X;is absolutely not normal!

The Average )
Bables

P Bom by Minute
\
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([
The Central Limit Theorem
The Central Limit Theorem is one of the most important

theorems in statistics; to understand its significance, let's review
what we had in our third example:

. X X+t X
X = 1 2 N

N
EX) =
E(Xz) =u Independent ( _) ’2.2 X; normally T~N " U_Z
Var(X;) = o? Var(X) = v distributed "N
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Back to the fourth example...

Population SRl

Every single person in the united states today

Population parameter
The mean time of day at which the person was

born (i.e., the mean number of minutes since

midnight), and the standard deviation of that
number

Parameter value
u o
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A sample of N people in the united states, whose
time of birth were collected

Statistic

The mean time of birth of those N people
T A 7% b cco it S
N
Statistic distribution

/(%)

4 Columbia Business School
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Random variables
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distributions
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Hypothesis testing

Population

paamalors Sample statistics

Distribution of
sample statistics

From statistic to population

» We are finally ready to go “the other direction”

- We observe a sample, calculate a statistic, and want to figure
out what this tells us about the population parameter

« The first approach we will cover is called hypothesis testing,
which achieves this in what might initially seem like a
“backwards” procedure

- First, we make an assumption about the true population parameter —
this is called the null hypothesis

» Then, we calculate the distribution of the statistic assuming our null
hypothesis is true

» Then, we ask how unlikely our observed statistic is under that
distribution

+ We use the answer to tell us how true the null hypothesis is

[
Hypothesis testing

« | show up to Geffen one morning, and I've forgotten whether
it's a weekday or a weekend...
- Population parameter: is it a weekend (1 or 0)
» Sample statistic: the number of people in the lobby
- How do | figure out what the sample statistic tells me about the
population parameter?
* Let's set up a test
* Null hypothesis: it's a weekend
- Alternative hypothesis: it's a weekday
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[ J ([
Hypothesis testing Hypothesis testing

Ask: Ive Ask: I've
Assume the null Il Observe the test assumed it's a
hypothesis is Statistic ( weekend. What

Assume the null Il Observe the test assumed it's a

hypothesis is statistic ( eckond Wihet

true (it's a in the is the probability
weekend) )

Accept the
alternative
hypothesis

Reject the
alternative
hypothesis

The probability is | Reject the null

The probability is | Accept the null
hypothesis i

is the probability hypothesis

true (it's a in the
weekend) lobby)
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Is the height of men in this room different than average?

The mean height of men in the USA is 70 inches; the standard
deviation is 3 inches

You measure the height of 10 men in this room and calculate
the sample mean X — you find it is 71 inches

H, (null hypothesis) : y =70
H, (alternative hypothesis) : y # 70
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What statistic should we use?

What statistic should we use to test this hypothesis?

In theory, we could use X itself (71)

In practice, it is more common to use the so-called Z-score,
which calculates the sample mean, minus the population

mean, divided by the population standard deviation divided by
the square root of the number of observations

X—u

o/Nn
In this case, our sample mean was 71, the population mean is
70, the population standard deviation is 3, and n = 10

So the statistic here is 1.054
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The Z-score

Assuming the null hypothesis (u = 70) is true...
...what would the distribution of X be?

el 2]
= 122 \/_ﬁ
And therefore, what would the distribution of the test statistic
(Z) be? _
A
~a/n

This is why the Z statistic is so useful

Z

~N(0,1)
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Testing the null hypothesis

OK, so assuming the null hypothesis is true, Z ~ N(0, 1).

We observed Z = 1.054. What is the probability of observing
this kind of deviation if the null hypothesis were true?

=NORM.DIST (-1.054,0,1, TRUE)

{
o

Answer: 0.29
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Testing the null hypothesis

If the null hypothesis is true, there is a 29% chance of
observing our sample mean of 71

This is called the p-value of the test
That’s quite a high probability
So we accept the null hypothesis! Heights in this room are
no different than the average in the country

What we count as a “high probability” is somewhat arbitrary —
traditionally, we use 5% — 0.05

If the p-value had been smaller than 0.05, we conclude the null
hypothesis is very unlikely, and we reject it
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A complication

- In practice, we don’t actually know the true standard deviation
- So when we calculate the Z static % we don’t know o.

* Instead, we have to us s, the sample standard deviation based
on our data, to calculate XS;”

« In those circumstances, the static has a t-distribution, not a
normal distribution

« This is beyond what we’ll discuss in this class
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AT THE VERY CENTER OF BUSINESS

Random variables

Common
distributions

Population
parameters &
sample statistics

Confidence intervals

Population

e Sample statistics

Distribution of
sample statistics

Confidence intervals

« In the previous example, we saw that if the true mean was 70
and the standard deviation was 3, there was a 29% chance of
observing a sample mean more extreme than 71 from 10
samples

- We might wonder — if the “line” at which we define significance
is 5%, what is the range of population means that would still
lead us to accept the null hypothesis when observing X = 71?

- Let's consider this in terms of Z-values...
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Confidence intervals
Remember that the distribution of Z is always N(O, 1).

We want this
probability to be 95%

And each of these to
be 2.5%

3

-1.96 1.96

=NORM.INV(0.025,0,1)
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[ ]
Confidence intervals

So — as long as the Z statistic is between —1.96 and 1.96, the
null hypothesis will be accepted. Let’s see what that means
about u:

X—pu
o/\n

— — o
X—196—=<u<X+196—
Vn Vn
In other words, as low as the population mean is in between
these two numbers, we would accept the null hypothesis if

observing a sample mean of X from n samples
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—-1.96 < < 1.96

“4- Columbia Business School

Confidence interval
Let’'s put in some numbers...

3
71-196—==u<71+196—
V10 “ V10

69.14 < 1 < 72.86
This is called the 95% confidence interval of the population
mean based on our sample of 10 observations

In some sense, it is what we can “conclude” about the
population parameter based on our sample
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The confidence interval

Let X be a normally distributed random variable. Let X;, X;, - Xy
be independent samples of this random variable. A 95%
confidence interval on the population mean can be calculated as

W veplity, we' weed to usethe £
Abstribution tnstead of the normat
distibutionto getthis nunber,
because we're ustng s instead of 0, but:
s comwsom to justus 1,96 UYWAY
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Practicing with Cis in Excel

Columbia Business School St : Mea,
& ColmblaBustemsShodl  Sendantietonsgon et ne
£hE niimbers Lty rsbers in,
7 3 at
Bias on the variance coluncrdivided by th thatcotunn
N
Tremen 50 SAUAIEIOOEOT 500 —— e w219 sam 2w
True Varance 100 ot 08 1 o
> Cont o] 99-505 84892 9421022

Mean + 1,96 timesthe ~

standard error ~

Samplon % & &
1 4335659 310NA 689951 5654796 SL9RMS (05520 5303736 AON770 6997202 GAO0TA S1ANGGH) 161 UGASLIA 115 ARISET

Thewsean of thé 20 p row

sopsanpies 0o
o] Theestimated variauocs for the10
patuts u that row dividing by N (10)

oo
andavarianseofso0
Theestimated variancs for the 10 pobwts

inthatrow dividing by N -2 (9)
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sample statistics

4

Columbia Business School
ATTHE VERY CENTER OF BUSINESS

Random variables
Common
distributions

Population
parameters &

An application: dishwasher
etiquette

Population

parameters Sample statistics

Distribution of
sample statistics

Dishwasher etiquette
martha stewart

Should You Point Silverware Up or Downin the
Dishwasher? 3 Experts Weigh In
This highly contested debate ultimately comes down to personal preference.

y Nashia Baker nd Madatine Bulano | Updiied o

- /

SEgae
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An experiment

You carry out experiments to find the best way to load your
dishwasher

1 Up 20 19
2 Up 25 25
3 Up 19 17
4 Down 23 21
5 Up 20 18
6 Down 28 21
7 Down 19 18
8 Down 23 22
9 Up 25 23
10 Down 30 30
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What population parameter do we care about?

» We care about how effective each cleaning “modality” is
(cutlery up or down)

« There are many complexities here, which we could model, but
let’s do a simpler back of the envelope calculation

- Let p,, be the probability a piece of cutlery gets cleaned when
they are loaded upwards, and py,,, be that number from
downward loading

* The statistic we care about here is p,, — Pgown- Our null
hypothesis is that it is 0, and our alternative hypothesis is that it
is not 0
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Looking at our data

X, 102 112
n, 109 123
P=X/n 0.94 0.91

B — Paown = 0.03
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The distribution of the statistic
« To do hypothesis testing, we need to find the distribution of the
statistic By, — Paown-

« Let’s first make an enormous assumption — that each piece of
cutlery gets cleaned independently. Under that assumption

Xi~Binomial(n = n;,p = p;)

- Because each of the n; are large, we can make the following
estimate

X;~Normal (u =n;p;, 0 =+/np;(1 — Pi))

+ And finally, using the usual rules, we find that

Xi pi(1—p)
P.=—~N l =p,0= |—
(Rl ormal| p=p; 0 ni
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The distribution of the statistic

Given these assumptions, and the property of normal
distributions, we conclude that
Py = Paown~Normal(u, o?)
Where
H = Pup — Pdown
and

o= pup(l - pup) + Paemp( = Basm)
Nup Ndown

Based on the values we observed, our best estimate of ¢ is
6 = 0.034834
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Hypothesis testing

+ Our hypotheses are as follows
Ho : Pup — Paown = 0
H1 : Pup — Pdown #0
* Our observed test statistic is pup — Paown = 0.025211, with a z-

value of
0.025211 -0

0.034834
- Let's see what the probability is of observing a deviation from
the mean this high if the null hypothesis were true...

=0.723742
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Hypothesis testing

=NORM.DIST (0.724,0, 1, TRUE)

0.724 0.724

The probability of observing a deviation this extreme if the null
hypothesis was true is 2 x0.235 = 0.47 — the p-value for our test
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Hypothesis testing

* The probability of observing a deviation this extreme if the null
hypothesis was true is 2 x0.235 = 0.47 — the p-value for our
test

« This is quite a high probability, so we do not reject the null
hypothesis

« We conclude that the null hypothesis is true — the direction
makes no difference to cleaning ability
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Confidence intervals
* We can also calculate a confidence interval on the population
parameter py, — Paown
* We can do this using our normal approximation
ﬁup — Daown ~Normal(u, Jz)
with 6 = 0.034834

* We would accept our null hypothesis as long as the true
population parameter was between
0.025211 + 1.96 x 0.034834

Calculating, we get a Cl of
—-0.0431 to 0.0935

Module 1 | Slide 208 of 236 4 Columbia Business School

4-Colu hool

imbia Business Sc
AT THE VERY CENTER OF BUSINESS

Hypothesis testing in action
—a COVID testing example
(optional)

A mini-case

* You are working at a chain of clinics dispensing Moderna
COVID vaccines

« Each Moderna injection should contain 250 ugbof .
vaccine; the correct doses are normally distributed with
mean 250 ug and standard deviation 10 pg

« It has come to your attention that due to a typo in
instructions, some of your clinics have been
systematically administering too much vaccine per
syringe

* There are no adverse effects on health (the large
doses are still within allowable volumes) but in
aggregate, this wastes supply of precious vaccines

« Unfortunately, the instructions have all been thrown out
so you can’'t’check them, but you have samples of 20
syringes from each of your 100 clinics
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Data

20 swples from each ctinie

Cinic_Sample 1 Sample 2 Sample 3 Sample & Sample 5 Sample & Sample 7 Sample 8 Sample 9 Sample 10Sample 11 Sample 12Sample
24011 25826 25031 25008 26318 25328 25243 29536 21948 24156 24258 24600 2586
5 a8t 20978 26082 524 25125

w2y
25468
s 280
w8

1207 231
27.39
2675

2466 2085 2185 2691 2
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Hypothesis tests

We want to carry out the following hypothesis test for each clinic
Null hypothesis (H,): mean dose is 250 pg
Alternative hypothesis (H,): mean dose is > 250 ng

The test statistic is the mean of the 20 doses at each clinic.
Under the null hypothesis, the distribution of the test statistic is

N[,u =250,0 = ﬂ]

V20
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p-values
Suppose the average dose observed at clinic i is X;. The p-value
associated with this test statistic is

P(Observing X, or worse| H, is true)

- P[N[ﬂ =250,0 =%jz f(,]
X, 250
WJ

=1-P|Z<
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Clinics with p-values

Traditional testing S ;
[

030 hht 4 4aiiiii b s s e s
0.25 lFaLst}msitivcs (elinie
o . bs flne, buct our test
0.20 . rings alarm bells
o
El
T0.15 .
a
. _ .05 threshold
010 |«
0.05 F=mmm s e g P
. /r Truepositives
0.00 e ® ® ® ®
0 20 40 60 80 100

Clinic Number
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The problem with multiple testing

» p < 0.05 means that there is a < 5% chance of observing such
a large test statistic if the null hypothesis were true

* The problem is that we're doing 100 tests

- Intuitively, if there is a 5% chance each null hypothesis will be
falsely rejected and we do it 100 times, there’s a very high
chance at least one of our 100 hypotheses will be falsely
rejected

« So we are almost guaranteed to have some perfectly true null
hypotheses be rejected

* In practice: clinics that had correct instructions that will be
flagged as problematic
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Getting mathematical

Suppose we have N tests total, we reject any p-value < a, and
we make no assumptions about the tests. Then:

P(Any hypothesis rejected | All H, true)
= P(At least one p value < « | All H, true)

< ZLP(p value i < a|i™ H, true)

wourcase, N = 100 and o =

SOWECan guarantes thig FrobabL;

N
= = (24
willbe < 5. Thanks a Lot

=Na — /

B
ECause P (4 orB) = P(A) + P(B) - P(Aand ®B)
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The Bonferroni Correction
* We can only guarantee the probability of incorrectly rejecting
a null hypothesis is < Na

* The Bonferroni Correction basically says “l want to
guarantee this is < 0.05”

« For this to be true, the o for each individual hypothesis should
be 0.05/100 = 0.0005
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The Bonferroni Correction
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False negative (oliny
ol ts out of control, but
ourtest saysits gl
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0.01
9
=
g .
&
0.00
0.0005 threshold
0.00
® ®
_______ L
©
0.00 )
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Clinic Number
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The Benjamini-Hochberg procedure

The BH procedure changes the question completely

Instead of asking “what is the probability of incorrectly rejecting
any null hypothesis”, it asks “what is the proportion of
rejected null hypotheses that were actually true”

Framed in the language of our case

The Bonferroni Correction asks “what is the probability any clinic
that is fine will be flagged as out of control”

The BH procedure asks “of all the clinics that flagged as out of
control, how many of them deserved it”

Clearly, the BH question is far more relevant in many business
applications
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The Benjamini-Hochberg procedure
Suppose you want to ensure that no more than a proportion o
of rejected null hypotheses were actually true
Step 1: sort all the p-values from smallest to largest
P() SP@) = S Pw)
Step 2: start from p(4, and work your way upwards; for each p-
value, check whether p, < (a/N)k, where N is the total
number of hypotheses. Let the largest p value for which this
is true be p

Step 3: reject all null hypotheses with p < p”

That's a lot of words... Let's see it in practice...
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The Benjamini-Hochberg procedure

0.035

0.03 Linewith gradignt
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0.01 \

. | Clinics in order of

\ ¢ :
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(@@ e @ ®
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The Benjamini-Hochberg Procedure

Theorem: The Benjamini-Hochberg Procedure ensures that

E # incorrectly rejected null hypotheses o
# rejected null hypotheses a
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First, a proposition

Theorem: suppose that all of the null hypotheses are
independent, and that we reject any hypothesis with p-value < a
certain cutoff. Then for any cutoff,

=# true null hypotheses
Cut-off p-value

E(# of incorrectly rejected null hypotheses
The intuition here is that the cut-off is “the probably we
incorrectly reject a true null hypothesis” — so if we multiply the
number of true null hypotheses by this cut-off, we should get the
number of incorrectly rejected null hypotheses...
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Sketch proof of the proposition

Sketch proof: by definition, the probability we reject a null
hypothesis incorrectly is equal to the cut-off p-value.

Therefore, assuming all the hypotheses are independent, the
number of null hypotheses that will be rejected incorrectly is (#
true null hypotheses) x cut-off p-value.

The result follows.
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Back to the Benjamini-Hochberg Procedure

Theorem: The Benjamini-Hochberg Procedure ensures that

E # incorrectly rejected null hypotheses <
# rejected null hypotheses B
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The Benjamini-Hochberg Procedure: proof
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The Benjamini-Hochberg Procedure: sketch proof

E # incorrectly rejected null hypotheses
# rejected null hypotheses

a x# incorrectly rejected null hypotheses]

—<E
Fromtne 7 ( Cut-off p-value x N

Pprevious slide

—EE[# incorrectly rejected null hypotheses

Cut-off p-value ] \

N
" .
=N~# true null hypotheses «___ T\hlsisthe
T propositionwe
# true null hypotheses Proved earlier
=00 he numby
N LL iz er of true ypotheses (.
definition, smallcrthgai tth:ostL:L’ %
<a nuneber of hiypotheses, o this (e < 1
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B Pointers in Python
x = [1,2,3,4]

S

y.append(5)

!

(1,2 3,4,5]

¥-append(s)
x

One last point: pointers in
Pytho 24

x = [1,2,3,01,2,3]
y = list(x)
¥[-1].append(3)
y-append(s)

X

(1,23 (1,23 4]
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This Module
* The case of Dig

* Pandas
* Matplotlib
Pandas & Matplotlib
Module 2
Professor Daniel Guetta
© 2024 4- Columbia Business School
A Counn Besnass Seleol Dig
”
¢
&
F.v,
Dig: From Intuition to Data- B
Driven Analytics £ *'f., i
e
S
(24 v-v
o= 9 o9
el 09‘ @
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M “ [Ty
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Module 2 | Slide 5 of 46 4 Columbia Business School

The main item that can be ordered at Dig is a bowl. Each bowl
contains

» Abase (salad, farro, or rice)
* Amain (chicken, beef, etc...)
- Two sides (mac and cheese, carrots, etc...)

In addition, each order might also contain one or more cookies,
and one or more drinks. Sometimes, orders will only contain
cookies and drings if no bowl is ordered. (This is a simplified
view for this case)
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Simulated Dig data

The main table we’ll use in our introduction to Pandas is BA
orders. zip, with the following columns

* ORDER ID: ID of the order

* DATETIME: the date and time the order was placed

* RESTAURANT: the name of the restaurant at which the order was made
* TYPE: the order type (IN_STORE, PICKUP, or DELIVERY)

* DRINK: the number of drinks in the order

* COOKIES: the number of cookies in the order

* MAIN, BASE, SIDE 1, SIDE 2:the main, base, and sides in the bowl
(these are missingif the order does not include’a bowl)

* ORDER TIME: how long it took to process the order (either in the store or
digitally)

This file is impossible to open in Excel — too many rows!
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Introducing Pandas

When Excel just won’t do!

Why go beyond Excel?

« Scale: dealing with really large data

- Robustness: it can be exceptionally difficult to get a “big
picture” idea of what a large/complex Excel workbook is doing

» Automation: automating repetitive tasks many times, or on
many files

« Integration: Python is a “real” programming language, and
allows your data work to interact with other systems

When Excel just won’t do!
INSIDER
How The London Whale Debacle_ls
Partly The Result Of An Error Using

‘ Microsoft Excel X Excel
| File not loaded completely. Linette Lopez Feb12,2013,204PM

Excel spr_eadsheet error blamed for UK's
16,000 missing coronavirus cases

The case issi
\vent missing after the spreadsheet hit its filesize imit
By James Vincont | Oct5, 2020, 0.41am ey
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Important note Importing Pandas and loading a file
Tell Python we’re going to need Pandas
import pandas as pd
This won’t be a comprehensive introduction to Pandas. We'll Load the Dig file
only introduce the bits we’ll need for this class. You'll notice we'll
include more obscure parts and leave out more straightforward A sV file can be peng

parts, simply because we want to cover everything we’'ll need in
this class, but no more.

In later lectures, you can always return to these slides to look up
any features we use that you are unfamiliar with.
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viewthe firsts file, without szi;:':ﬁ ag!
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Loading a file and skipping rows ewmbterof

rows t0 SRIP

pd.read_csv('BA orders.zip’, skiprows=2).head()

2018.05- Beyant Park: 70 P .
ooz 31 INSTORE 00 001 W4GMSLNew Unnamed:6 Unnamed:? U"™™%  Unnamed:s
1:35:00 York, NY 10018

201804 Columbe,; 2684 Chamed Famro with ()
o orsasss 21 DEUVERY 00 20 GoadwayNew  Chicken  Suewner  SnapPeas ot
189287 York, NY 10025 Macketbow  Vegetaties L
o
w111 Fatron 40W  Chamed \ -
1 ozoreses VT PCKUP 10 00 ZSmSiNew  Chcken o COE TUipcy Casnewie
25082 York,NY 10010 Markeshot Choese s
201801 . Spicy  Famowin HE Jasper
2 Otossase O INSTORE 00 00 5 SYISL  eswals Suwwer Mk Macs
183724 IR Madetton  Vegetaties se
s Wt
3 01020484 02 DELVERY 10 00 o S0 NaN NN Na NaN
wazss o
- Wiamsturg: 45
a0 Hero Roasted Roasted
cowmm 0 pose 00 0o g SSUSt "PELS Famares MOl canenrae
105509 RN pemon potmons
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Pandas elements

Pandas makes two new data types available to us
* The Series, which can store columns; each row has an index

(think of this as a “row name”)
* The DataFrame, which collects multiple series (columns) together
with their titles to give us a full table
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Creating DataFrames from dictionaries

As well as reading DataFrames from files, we can also create
them from dictionaries. In so doing, we can specify the index we
want to use, which doesn’t have to be the row number!

46 smadl + pa.Oatatrame(('A':[1,2,3], 8':[4,5,6]))
amall

As

o 1
128
238
pd.Datarrame({'a':[1,2,3], '8':(4,5,6]}, index=(5,7,9])

As
s 14
12
130
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Transposing DataFrames

Transposing a DataFrame swaps the rows and the columns

pd.DataFrame({'A":[1,2,3], 'B':[4,5,6]}).transpose()

012
A123
B 456

Module 2 | Slide 16 of 46 4 Columbia Business School

4= Columbia hool

Business Scl
AT THE VERY CENTER OF BUSINESS.

Accessing and modifying
data in a Pandas DataFrame

Accessing columns as series

There are two ways to access a column in a Pandas DataFrame

df_orders. TYPE ¢ orders[‘TYPE']

e IN_STORE ° IN_STORE
1 IN_STORE 1 IN_STORE
2 DELIVERY 2 DELIVERY
3 PICKUP 3 PrCKUP
4 IN_STORE 4 IN_STORE
2387219 IN_STORE 2387219 IN_STORE
2387220 PICKUP 2387220 PICKUP
2387221 DELIVERY 2387221 DELIVERY
2387222 IN_STORE 2387222 IN_STORE

2387223 INS

N_ST( 2387223 IN_STORE
Name: TYPE, Length: 2387224, dtype: object

Name: TYPE, Length: 2387224, dtype: object

. e dogsn't have k g
s Uf Ehe column nane Notice the o ismn
) w;ozsvftsmrt with @ winber, ece. “EPUL LSt formatted - this i
S’PﬂDES,

atell-talesignit's o serg
series
DHtﬂFYﬂVME e
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Accessing a subset of columns as a DataFrame

ORDERID  TYPE

01820060 IN_STORE

Notice the double square
T brackets - weve passing
alisttothe outer [ ]

Nicely formatted This ;
isisa pa
nota series DAtAFrame,

281210
nerz20
27221
ez

287223

2387224 rows x 2 columns.
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Changing and resetting the index

Notice that
reset_index doeswt
change the PATATYAME
it simply reeuwrns o
wodified DataFrame

Yo dont tnelue

this, the oldl index (s
Aw

. Reptas a new colunpn
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Changing column names — two ways

Motlee that rename
doesw't changethe
pataFrame; it simply
vetwrns a wodified
DataFame
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Adding a column

The dot technique does
not work! You must use
the square bracket
techniquer
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A warning: when to use .copy ()

4f_smal

= ef_small(['a", '8']]

= . Thereis noway to emow whether af_swmall zmt e
) f wheth
¥r i py of the velevank columns or
conEaing A cOpY O o eener
iire contains @ pobnerto the original columns. SO 1
236

. "
change it, it might change the oviginal DataFrame
—

2805 /

¥ 1 \core\g .py:5168:

A value is trying to be set on & copy of & slice from » DataFrame
Try using .loc(row_indexer,col_indexsr] = value instess

See the caveats in the documentation: ht ndaz-docs/stable/user_guide/in nLwadaswewam
a _@gspca’uﬁcaug
N

T
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Deleting rows and columns

6f_small 2 = ¢f_small.copy()
df_smal

ABoE
01412
L 25 8
23614

o _sma) 2. drop(Labels=(0, 21)

ABDE

12813
df_small_2.drop(columnss[ '8, 'E°])

Ao
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.loc

ABDE .iloc ABDE
. R4 T2: . 01 4 12
.loc allows you to access specific parts of a T .loc allows you to access specific parts of a Y 28 4 5
DataFrame using the column names and the index 23614 DataFrame using the column and row numbers 23614
T SR
e T T
T This means “tnclude /x
everything”
23 gogs{vowm allthe way
tilltheend
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A R Plotting a series
st_mart s
v 1
1 5
Name: B, dtype: intéd
df_small.8.plot(kind="bar")
<AxesSubplot:>
Plotting directly from Pandas
The index of
thesertesis
used as the x-
axis o, ~
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Operations on Columns

Exploring discrete columns

¢ _orders. TYPE. value_counts()

INSTORE 1723136

prcxup so1220

DELIVERY 272648

Name: TYPE, dtype: inted

4f_orders. TYPE.value_counts().plot(kinds"bar")
<Axessusplot:>

2ot

e sToRe
e
oeuveRy
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Exploring continuous columns

df_orders.ORDER_TIME.hist(bins=58)

<AxesSubplot:>
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Aggregations

df_orders.DRINKS. sum()

230344.0

df_orders.DRINKS.mean()

©.29649031678635939

df_orders.ORDER_TIME.median()

240.2

df_small.A.tolist()

[1, 2, 3]

Module 2 | Slide 32 of 46 4- Columbia Business School

Arithmetic

(df_small.A + 3)*2

e 8
1 1e
2 12

Name: A, dtype: int64

import numpy as np
np.exp(df_small.A)

2.718282
7.389056
20.085537

°
1
2
Name: A, dtype: floatéd
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Logic

(¢f_orders .DATNGS >+ 1).head()

Teve Notice °5" awdt

ot and”

yoe: bool

s
((46_0rders ORINS >« 1) & (4f_orders.COOKIES > 1)).hass()

ORINKS >+ 1) | (df_orders.COOKIES >+ 1)).hesd()
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isin

TIPR DANKS COOKNS AESTAURANT  MAM  BASE 3061

roae 1) head()
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apply

xitime
dof total_extras(row)

Foturn row.COOKIES + row.ORINKS
f_orders.apply(otal_extras, axiss1).hesd()

Wall time: 32.6 5

ernew
ssass

°
1
3
a
dtype: floatéd

stime
(df_orders .COOKIES + df_orders.DRINKS).head()

Wall time: 5.01 ms

runro
ornow
sevos

dtype: floatss
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Filtering DataFrames

Sorting DataFrames

df_orders[['ORDER_ID', 'ORDER_TIME']].sort_values('ORDER_TIME', ascending=True).head()

ORDER_ID ORDER_TIME

Tloosess owarien 00
2079924 01407264 0.0
1405027 02297969 0.0

640419 01600213 00
122476 0290965 0.0
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Filtering DataFrames Reviewing square brackets
df orders|[ ]
What’s in the [ ] What happens
. A series is returned containing the
RSN column with the name in the string
A DataFrame is returned, containing
Alist the subset of columns named in the
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list
A series of True/False values A DataFrame is returned, containing
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Plotting in matplotlib

matplotlib

*matplotlib is Python’s most popular plotting library

- It was designed to emulate Matlab’s plotting capability

» A sometimes less well-known fact is that there are two very
different ways to use the library

* The state based/pyplot interface, which is great for creating quick-
and-easy plots, but gives you much less control over the finer
aspects of the plot

« The object oriented interface, which gives far finer control over
every aspect of the plot
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The pyplot interface

Anpor plt
tmpo

1.0(.251.50.7R.0@.22.5®.75.00
X values
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The object-oriented interface

Every Python plot comprises a figure, on which one or more
axes are plotted. Various artist elements (lines, labels, etc...)
are then plotted on top of that axis
The object-oriented interface creates these elements manually,
and allows you to manipulate them one by one
It also allows you to create a figure with multiple axes; there
are two reasons you might want to do this

Include a “secondary axis” with a different scale

Ceate multiple plots in one figure
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The object-oriented interface

10 15 20 25 30
X values
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Linear Regression
Module 3

Professor Daniel Guetta
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Regression analysis: the big
picture

This Module

* Simple linear regression

* Multiple linear regression

*The R?

* Dummy variables

* Variable selection

» Making predictions

* Interpreting regression output

» Advanced regression: nonlinearities, interactions, penalties...

“4- Columbia Business School

Regression analysis: the big picture

* Regression is used to describe the relationship between two or
more variables

= There are two main purposes of a regression
» Quantifying causality (explain)
.J - Whatis the effect of smoking on the likelihood of cardiovascular disease?
+ Do mask mandates reduce COVID transmission rates?
* Prediction and forecasting (predict)
O « Predict home sales for December given an interest rate
« Predict the price of wine given its acidity
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Calculate the winter rain and the harvest rain (in
millimeters). Add summer heat in the vineyard (in
degrees centigrade). Subtract 12.145. And what do
you have? A very, very passionate argument over
wine.

Prof. Orley Ashenfelter, a Princeton economist, has
devised a mathematical formula for predicting the
quality of red wine vintages in France. And the
guardians of tradition are fuming.

Robert M. Parker Jr., generally regarded as the most
influential wine critic in America, calls Professor
Ashenfelter's research "ludicrous and absurd.”

NYT, March 4" 1990

‘Iog(QuaIity) =-12.145+ g, (WinterRain) + 4 (HarvestRain) + 4, (Sum merHeat)‘
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Why do we even need a prediction?

Grapes are Grape juice Wine matures
grown, turns to wine
harvested,

and pressed

Experts taste and make
predictions

True quality is revealed
Ashenfelter system

makes predictions
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Example 1: the wine equation

Mr. Parker rates the 1986's as "very good and sometimes exceptional." Peter A. Sichel,
author of the influential Bordeaux Vintage and Market Report, said the 1986's have
"elegance and classic Bordeaux structure." New York stores, brimming with the vintage,
are pricing the wines in the same range as the much-praised 1985's.

But according to the Ashenfelter system, below-average growing season temperatures
and above-average harvest rainfall doom the 1986 Bordeaux to mediocrity. When the
dust settles, he predicts, it will be judged the worst vintage of the 1980's, and no better
than the unmemorable 1974's or 1969's.

Perhaps the most dramatic Ashenfelter prediction, the one likely to vault the ratings
system into prominence or doom it to obscurity, is for the 1989 vintage.

These wines are barely three months in the cask and have yet to be tasted by critics. By
Professor Ashenfelter's calculations, the hottest growing season in memory, combined
with a very dry harvest, all but guarantee that the 1989 Bordeaux will be stunningly
good. Adjusted for age, he predicts, these wines will eventually sell for a substantial
premium over the great 1961 vintage.
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Example 1: the verdict

+“1986 was largely OK, but stopped short of excellent.”

-+ “1989 was a fantastic vintage year. Bordeaux, particularly, had
virtually no faults with red, whites, and dessert wines all
performing exceptionally well.”
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Example 2: the baseball equation

Salaries and Wins, 19982001

.
e &

g ¥ . .

< e

§ . .

- . .

£% «

p .

2 . .

£ . . L

€ ..
.

2

M M WM HM KM

Avecace yesrty satary (0 mons)

RunScored = 4, + 3,,,

(OnBasePer)+ 4, (SluggingPer) + 3, (BattingAvg) + -- ‘
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Example 2: once everyone catches on...

Salaries a0d Winw, 20022012

.8 .
: .
~ Yo e
§_ 8
£s -
et
$ LRl
<z ®:
E .
N
Wu aM oM ew 1mv e

Avorage year, saary (n micons)

RunScored = 4, + 4,,,(OnBasePer) + £, (SluggingPer) + 4,,(BattingAvg) +---
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Example 3: the zestimate

What is a Zestimate?

y home worth?

How much ism!
;d)".‘lt‘lhmlll-ulnmy andiclaim your homie. of FeqUestS.

" o
i 26 m-osxwmm.mmnn«v.omz.u
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a0 No.: us 8,140,421 Bl
» United States Patent wnpumte: LS 2002
Humy

.
(64 AUTOMATICALLY DETERMINING
0 EURRENT VALUY FOR A HOME

The CBSTimate

Module 3 | Slide 13 of 178 4:me
The CBSTimate Loading the StreetEasy data
« We will create a mini version of the
. import pandas as pd
Zestimate df_se = pd.read_excel('StreetEasy data.xlsx')
s ) df_se.head()
- We'll be using data from the UWS —
specifically, the following four zip codes price_per_sqft zip_code sqft bedrooms bathrooms rooms property_type floor door_attendant gym
. Our data ComprlseS 1 ,464 apartments, 0 1476.894640 10025 541 0.0 10 05 condo 17 1 1
the nce er S uare foot the brou ht 1 1910.413476 10023 1306 30 25 55 condo 14 1 1
. p p q y g 2 1588.235294 10024 255 0.0 1.0 20 condo 5 0 0
In When SOId‘ and several apartment 3 1053.097345 10023 565 0.0 1.0 25 coop 21 1 0
characteristics we’ll discuss shortly 4 asaazssT 10025 1400 20 10 20 wop 5 0o o

,& el stz 0900t

definitions Lol
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Condo or co-op? Price per square foot
J@sueicas e

Co-opsVs. Condos: The Ultimate Explainer for NYC l —
g 0=427.28
Condos Co-ops
« Traditional real estate investment « Owns a share in the building
(own the apartment) « Sale and rentals require board
« Fewer restrictions (on renting for approval
€g) « Often older
« Often newer « Often fewer amenities
« Often more amenities « Board can block rentals and 1000 3800 2000
purchases Price per Square Foot
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Beginning with univariate
regression

4} Columbia Business School

Important note

To focus on the insights behind linear regression, we are going
to be a little sloppy with the distinction between random
variables and specific deterministic values these random
variables can take, and various other mathematical details; a
more rigorous, mathematical class would make that distinction
more carefully. Those interested can refer to any advanced text
on linear regression, or my notes here.
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Correlation Visualization
3000
25001
]
S
&
© 2000
3
df_se.price_per_sqft.corr(df_se.floor) z
w
+ 1500 |
©.3446584152519978 g
v
i}
& 1000 |
500 |
0 10 20 30 40
Floor
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Linear regression

Linear regression posits that the relationship between the floor
(which we denote x) and the price per square foot (which we

denote y) is given by
4
Y, =a+pBx +&|

=

T Aw errorterm, whichwe assumeis
normally distributed wif\« a wmean
of o anda standard deviation of
©,. Thisis also called the residual

[
{
:‘Lso known as the dependent variable, o
e response variable. n thig class, well
stickto ‘y-variabler ’

\ Also lenown as the tndependent vav%atLLe,
the covariate, or the explanatory \{aruu' £.
1w £his elass, we'll stiok g0 ‘x-vartable

n o«

i.e., there is a “true”, “underlying” price of an apartment on floor
x, equal to a + Bx, but because other things affect the price,
there is randomness around this value

Module 3 | Slide 26 of 178 4- Columbia Business School

Linear regression

=

1004 asenbg Jad 8o1d
<

R

Datapoints

XV
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Floor
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Finding the “best” line

The “best” line is the one that minimizes

-
l1gi2 :Zl1(yi—y’_)2 zfi,?
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—

(a+ﬂx,—y,)2

Number of
datapoints

4~ Columbia Business School

Linear regression as a maximizer of likelihood
Our linear regression model is
Y, =a+fXx +¢ with & ~ N(0,5°)

We can think of x; as a fixed number and y; as a random
variable, with the following distribution (uppercase for RV)

Y, ~N(a + fx,,0°)
The PDF of Y;is

__1 A[yi=ta+px)T
f‘ﬁ(yi)amexp[ 2|: P :| J
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Linear regression as a maximizer of likelihood

Suppose we observe N points (x;, y;). The likelihood of observing

Linear regression as a maximizer of likelihood

{100 11| oo -2

i=1

these points is
N N
[Th00=11
i=1 i-1 | O

Let's take the logarithm of this expression...

\/15 exp [—%{MT J} _ gbg{a 12” xp[_%[y,. —(a0+ ﬁxf)m}

o
1 2
} @ )]

Sl

Maximizing this likelihood w.r.t a and B is identical to minimizing

Dy~ ta+ px)f Z(y, 2% zs
: [cens]

4} Columbia Business School
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Differentiating with respect to a
D e -y F =2 -y
Setting this to O,I;Ne get !
izmuﬁx,. -y,)=0
aN+ﬁ(Z/1 ,) Sty =
[’%ZL’G —NZLY/- =0
Lcens]

4- Columbia Business School
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Differentiating with respect to p Differentiating with respect to p
6 < 2 g N

ﬁg(a +Bx,-y;) = ;2Xi(a +B8%-Y;) - _;:?;i,j?:::oﬂ"i‘m’ o BYIx(x Z x(y
\; r:l\1l i= . //

A xn-m Tt -x } X0 -9)- 370, -7)

Substituting & = y — x and setting this to 0, we get

2%, - ﬁx N ,b'X ~y)=0 At this polnt, we could write
" 2
) ) > 4
Zx(x X) X 7X X_x Z _y)
nd we'll use this version Later.

X; I:(,Vl Y) - ﬁ(xl - X):I =0 Butthere's 8 way to write this

Y B t:j:::;xﬁzm expression B= Zm(zi - -y)
Xf(X,v—X):ZX,v(y,v—y) _ SV (x - %)
= i=1 —

M=

Mulkiply by ,1/\2

le

I
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A more intuitive explanation for 8

Note that we can write
e Yo =Xy -¥)
Yo =X
_NCov(X.Y) 1 Std(Y)
" UNStd(X) Std(X) Std(Y)
~ Cov(X,Y) Std(Y)
" Std(X)Std(Y) Std(X)
Std(Y)
Std(X)
In other words, the gradient is just the correlation, corrected for
the variance of each column!

=Corr(X,Y)
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Univariate regression in Python

dof #4 )
re price_per_sqft.corr(¢f_se[var])*df_se.price_per_saft.std()/d#_se[var].std()

def Fing_alpha(var)
return 6f_se.price_per_saft.mean() - find_beta(var)*¢f_se(var].nean()

beta « find_beta(
alpha » Find_alpha(

3000
2500
— \

Y= 1239379 4. 905,

Price per Square foot
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The “predict” vs. “explain”

G Predict

Price per square foot = Price per square foot =
1239.79 + 19.07 x Floor 1239.79 + 19.07 x Floor

g'/j Explain

An ayartwwwt ow “floor ng
w
aasts.ﬁﬂzsj.?j?av 59 ﬁ {MWMWWWMJ
g o
t Giventhe floor ot !
i cam predictthe priceper square
foot for that ApaYEMEnt

;icyg EXtra floor Leags ¢, an
ra 413.07pcvsquare foot
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Population parameters and statistics

A

a,p

These are the Population
Parameters — the trye
Impact of floor on the pri
ic
Per square foot price

i hich are random
re the statistics, W "
The'seblaes _ we derive these from our _sa(r!n';r)‘e
vah’i‘:h is random (why?) We will later fin
w L
distribution of these statistics
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Population parameter vs. statistics

PIIPDD
PIIPDD
PIPDDD

PIIPPDD

(DDDHDD
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(Optional) Better
understanding the
regression coefficients

Understanding the coefficients — part 1
Feeding & and this value of 3 into y = & + fix, we get
y=a+px
V=7~ %)+ px
J-7=px-x)

J-y= Corr(X,Y)::j(()Y(;(x—Y)

Y-y Corr(X,Y)X;;
Std(Y) Std(X)

If the variables are standardized, the intercept is 0 and the
gradient is just the correlation!

Module 3 | Slide 45 of 178 4 Columbia Business School

Understanding the coefficients — part 2

We saw that

Y=Y _Gom(x,y)=—X_
Std(Y) Std(X)
Suppose we have a datapoint with x just equal to the mean. For
example, suppose an apartment is on the 9.6t floor (the
average). Then
IV
Std(Y)
y=y
We just predict the average price per square feet. If the
apartment is average, why predict anything else?!
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Understanding the coefficients — part 3

To get an even deeper understanding of the slope and intercept,
let's consider an example in which x only takes two values (0
and 1). For example, a regression of price per sqgft against
gym

N, = (# points with x = 0)

N, = (# points with x =1)

i 1
§ma 1 Yo = W[ Z yl]
H o \ points with x,=0
o5 = _ 1
b )
o o _
= s ¥ =VP(X =1+ 7,P(X =0)
" =7X+7,(1-5%)
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Understanding the coefficients — part 3

Let's now go back to our original expression for 3
N —
2 Z,.:1X,-(Y,-—Y)

S x(x, - %)
Now split it into points with x = 0 and x = 1
= Zpom(s Y "EH Zpom ity XY _-‘77)
2 pormsvan o XX =X+ 2 XX =)

~ Z TS ,yl'_y
_ points with x;=1
A= 1-X

points with x;=1
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Understanding the coefficients — part 4

-X we showed garlierthat ¥ = VX + ¥, (1-X)

B

points with x,=1 1

;rms is an' difference between the
. - Veragepriceper sqft with and
:/Ltljout A9Ym; in otherworg,
he gy premivn - ’

o This ts the average price per sqft
g for apartments without @ gym

Understanding the coefficients — part 3

print(find_alpha('gyn'))
df_se[df_se.gym==0].price_per_sqft.mean()

1263.8474455067726

1263.8474455067758

print(find_beta('gyn'))

df_se[df_se.gym==1].price_per_sqft.mean() - df_se[df_se.gym==8].price_per_sqft.mean()
298.1799869483872

298.1799869483825

\
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— Errors in linear regression A i arision
i : g ~ Looking at

The variation that the regression doesn’t Prices, how mum,, t:u the
explabn. v otherwords, the RVErAGE EVYOY ey vary?
between what £he regressionsaYs and

v whatthetrue valueis "

= 3 . s

8 SST=3(y,~¥) =No;

it i=1

B M o

@ = Yz —

» SSE_Z(yf_y,) —Z

= i=1 Pt

5 "

@

T

o

[e]

-

w the vegression m_sc/xwmm in
when we see all e prices vargs

f hatvariation thatthe
the x-variables

The variatio
other words,
Floor this (s the awowwk of £NAE
plaiin using

regression.can ex]
4 Columbia Business School

Module 3 | Slide 52 of 178

E rors i I inear reg ress i el This s the total variation within each floot;
the regression only @Ets'to use ﬂtio;iiézs
e

: : viation. ol
;l:‘::;;‘(ﬁiiiﬁ’t“ e ‘\ ‘\//I;Lucs and the ugnssiow?vw{ ietion
correspond €0 different
floors and thattherels o,
variationwithin floors

joo4
alenbg
Jad ao1d

\

=" floor & floor
RPATEMENLS APRYEALWES
Floor
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Estimating o,
Estimating o, from data proceeds just as you'd expect — you
find the average error the regression makes
However, we are estimating this from limited data

Recall that when we found an estimate of the standard
deviation from data, we had to divide by N — 1 to ensure our
estimate was unbiased

The same applies here, except we need to divide by N — 2

sz=ii(y-—}7-)2
G N—2,-:1 i i
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Why N -2

Fundamentally, the reason we divide by N — 2 is because

1 S 5 \2 2
E|l— V)P | =02
[N_zg,(y, Vi) j o;
This is — unfortunately — quite hard to show (see here — footnote 9
and the proof of Cochran’s Theorem on page 27)

One common explanation goes as follows
When estimating the standard deviation, we are already estimating the
mean which removes 1 degree of freedom, and so we divide by N —1
When estimating a regression, we are estimating 2 parameters, which
removes 2 degrees of freedom, and so we divide by N — 2.

| personally loathe this “logic”, for reasons we’ll discuss in class; but

if it helps you remember the formula, it works well enough
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Finding the standard error in our regression

df_se.price_per_sqft.std()

427.2751500848644

import numpy as np

sigma_epsilon_2 = ((df_se.price_per_sqft - (alpha + beta®df_se.floor))**2).sum()/(len(df_se)-2)
sigma_epsilon = np.sqrt(sigma_epsilon_2)

print(sigma_epsilon_2)

print(sigma_epsilon)

160987.41446618343
401.2323696639934
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Side note; back to the likelihood...

N
log likelihood = Zlog{

i=1

1 1
> 2”}—g[y,—(a+ﬂxf)]z
= —ﬂlogo—2 —ii[yv —(a+px )]2 +constant
2 20_2 = i i
Suppose we want to maximize this with respect to o; let's
differentiate this with respect to 52 and set to 0
N 1 ¢ L AT
—g+§;[y, —(a+ﬂ)(,)] =0

o Adr e 1
& =g 2lyi-@px)] -2t
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Residuals and predicted values

We can prove some important properties of residuals. Recall
that linear regression solves the problem

. N o
m'no;,ﬁ Zi:1gf

When we differentiated with respect to @ and 3 and set them to
0, we found that

where ¢ = (@ +fx, - y,)

o) W 0 o
—=[>=0 —=¥"x¢=0
oo |5 op =
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Fact 1: mean residual is 0
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Fact 2: residuals uncorrelated to x-values
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Fact 3: residuals uncorrelated to predicted values

o\ = E(@+ px)=E7 - PR+ Bx)=Y Ow average, residuals
E(y)=E for Low

Predicted values (blue arrows) are np

Fact 4: the beauty
SST=3"(v,-y)
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How “good” is a regression?
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The “predict” vs. “explain”

S3~1 Explain

For “explain”, we care
about how correctly
reflects the true ...

... we'll first need the
distribution of the stastic
(later)
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G Predict

For “predict”, we care
about how much of the
variation in y our
regression explains

4~ Columbia Business School

Are these really different?
Consider these two regressions

Max 1RM deadlift = B, + B, x Athlete weight

Max 1RM deadlift
= B, + B; x Max 2RM DL + B, x Max 5RM DL

The R? (coefficient of determination)

The more of the total variance is explain by our model, the better
the model for prediction. We define

» _explained by model SSR 1- SSE
total variance

SST  SST

This will be between 0 and 1 (for in-sample data; we’ll discuss

this in the future).
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The R? (coefficient of determination) B e
Note that for this simple case, with one variable,
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The “predict” vs. “explain”

G Predict

Price per square foot = Price per square foot =
1239.79 + 19.07 x Floor 1239.79 + 19.07 x Floor

5.1 Explain

Do higher floors reall
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Multivariate regression

We have thus far been using one independent variable in our
analysis. Multivariate regression uses many variables.
With more variables, everything is more difficult
We can’t display things on a simple diagram
The proofs become more difficult; this isn’t a math class, so we won’t
focus on these, but the intuition transfers from the univariate case

With more difficulty comes a great reward!
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Multivariate linear regression; matrix notation

When working with multivariate linear regression, it is simplest to
work in matrix notation. As a simple example, let's consider two
variables only; rooms (the number of rooms in the apartment)
and bathrooms (the number of bathrooms in the apartment).
We’'ll consider four rows only:

df_se[['price_per_sqft’, 'bathrooms’, 'rooms']].head(d)

price_per_sqft bathrooms rooms

0 1476894640 10 05
1 1910.413476 25 55
2 1588.235204 10 20
3 1053097345 10 25
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Multivariate linear regression; classical notation

Yi=Bo +BiXq;+By Xyt ...
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Multivariate linear regression; matrix notation

price_per_sqft _bathrooms rooms

We can express the regression as follows: ’ e
- Y=XB+e— o
o RN
Veckarof y-variables Bfmt;ﬁfmiﬁﬁm Vectorof eoefficitnts vectorofervors
1477 1 1 05 ) &
1910 125 55 ﬂ” &
1588 11 2 ﬂ‘ £
1053 11,25 : &
ey ) N
Bathrooms
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Some matrix reminders (from pre-class note!)

(X =X
XYY =YX’
d )
XX = (YX) =Y

XYy =2 (yxT)=¥"
X X

&(XTYX):XT(YT +Y)
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Finding the coefficients B

We can find the best coefficients just as we did before —
minimizing the errors

5 IY-xB[f
= min, (Y -XB) (Y -XB)
= min, Y'Y-Y'XB-BX'Y + B'X'XB

min

Because we have combined the intercept and the coefficients XTXG = XTY
into one lump, we only need to differentiate with respect to one =
vector and set to 0
[ces] [cesi]
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Finding the coefficients B

%(YTY—YTXﬁ - XY+ fTXTXB) =0

0-Y'X=(X"Y) +BT(X'X]" +X"X)=0

2BTXTX =2Y™X

Finding the coefficients 8

B=X"X)"'X"Y

Computers can carry out matrix operations
phenomenally quickly; this formula provides a
convenient way to get regression coefficients using
matrix operations only
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AT THE VERY CENTER OF BUSINESS

Fitting a multivariate linear
regression in Python

Multivariate regression in Python

» We can carry out regression in Python using the matrix formula
in the previous slide
« This is somewhat inconvenient
« It requires converting your data into matrices
« It requires knowledge of some more advanced Python libraries that
can carry out matrix operations
« We demonstrate this approach in the optional cells of the
Jupyter notebook; you can confirm it yields identical results
* We will instead use a Python package called statsmodels
which will make carrying out multivariate regression a breeze
* There are two ways to use statsmodels; we will use the so-
called formula api, which | find much more convenient
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Linear regression in statsmodels

dinary Least squa res”, “, wotmf
regression we've beewn discussing
¢ the square of the errors

spLs" stands for “oF
name for the Rind of
i which we minimizt

import statsmogéls.formula.api as smf

# Create the/ regression object
reg = smf.ols('price_per_sqft ~ rooms + bathrooms’, data=df_se)

# Fit the regression \
reg_result = reg.fit() \

The D{MEIZ‘. Note that the columm names for

variables thac will be used in the formula
nave to be valid Pmthuwvavm'm{ names
(o spaces, can't ctartwith digits, ete...)

4= Columbia Business School

statsmodels gl
which you first typ
thex variables sepai
variables must go,

WS Us to SPecity a formula, in
CENE Y Variable, then g tilgg, e,
rated by + sigmns. The names of the
TTESPON 0 Columns b the sty
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View the regression results

\Price per square foot |
| =1057 J
“ —60 x rooms \‘
. *379xbathrooms

reg_result.params

Intercept 1057
.4
5550

~60.089124
bathrooms 379.295767
dtype: floates
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Three regressions
reg_result.params
Intercept  1057.439550 AW eXtra room drops the price
rooms -60.089124 — $e0/sa ft: an extra bathroow ratses
bathrooms 379.295767 theprice $379/5
dtype: floatés prisegaryvsaft
smf.ols('price_per_sqft ~ rooms', data=df_se).fit().params
Intercept  984.682999 Aw extrn roows. valses theprics
rooms 111.023066 $ur/saf

dtype: floatés

smf.ols('price_per_sqft ~ bathrooms', data=df_se).fit().params
Aw extrabathroom ratses the price
$296/5q f

Intercept  951.704433
bathrooms  296.460172
dtype: floaté4

l
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Using multivariate linear
regression to “explain”;
controlling for other
variables

Controlling for other variables

« Apartments with more rooms are more expensive, per sqft
« Apartments with more bathrooms are more expensive, per sqft
« BUT, apartments with more rooms have more bathrooms (the
correlation between the two variables is 0.81)
« So maybe the only reason it looks like more rooms = more expensive is
because of more bathrooms, or vice-versa
« When both variables are included, the regression figures out how
much of the effect is due to each variable
- To be able to do this, the regression needs examples where one
variable is high and the other is low
- If the correlation between variables is too high, there won't be such cases
and the regression won'’t be able to do its job — more on that later
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4 Columbia Business School

AT THE VERY CENTER OF BUSINESS

Using multivariate linear
regression to “predict”

Predicted values

Suppose we have new values of the x-values, say X, We can

find an expression for the predicted values for these values of x

from our multivariate regression
v 2 Ty\1yT
Y=X_B=X_(XX)"XY

new(

Module 3 | Slide 93 of 178 4 Columbia Business School

Predicted values from statsmodels
statsmodels can easily make predictions on new data

new_data = pd.DataFrame({'rooms':(1,1,2,2], 'bathrocms’:[1,2,1,2)})
new_data

rooms _ bathrooms
T
T

2 2

3 2
reg_result.predict(new_data)

°  1376.646192
1 1755.941959
2 1316.557068
3 1695.852835
dtype: floatéd
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Dealing with categorical
variables

Categorical variables

* The regressions we have fit so far have all used continuous
variables

« Our dataset contains some categorical variables — variables
that can only take one of a few values, and that might not even
be numeric

* Property type (condo/co-op)
« Zip code
- etc...

* How can we use these in a regression? How do we get them to
fit in an X matrix?

 There are a number of ways to do this — we’ll cover the
dummy variable encoding or one hot encoding
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Why can we not just do this?

o', datesdf_se) . Ht(). summary()

s('or

coot saewr W pas  osrs)
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Creating dummy variables

In the dummy variable approach, we create one column for
every category of the variable:

Original data Dummy variables
condo 1 0
condo 1 0

coop 0 1
coop 0 1
coop 0 1
condo 1 0

We're now almost ready to fit our regression using these new
variables
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What if we have a categorical with > 2 values

Original data Dummy variables

T | zP_10023 | 21P_10024 | zIP 10025 |
0

10023
10024
10023
10023
10025
10025

O O 4 a0 =
© oo o =
- 2 o o o o
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The redundant dummy

- Remember regression disentangles the impact of various
variables on the outcome

- If we fit a regression with both dummies, it's equivalent to
disentangling the impact of
« The property being a condo and not a co-op
« The property being a co-op and not a condo

- But these are the same thing — the two columns basically
contain exactly the same data, and have a correlation of 1

« So it's pointless to include both, and the regression won't be
able to disentangle them
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What if we have a categorical with > 2 values
* The solution is to pick one possible value of the categorical
variable as a baseline
« We then create dummy variables for every other category
= And finally, we fit the regression normally
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Dummy variables in Python
Luckily, statsmodels will create dummy variables for us
automatically — there’s no need to do all of this manually
The key is to surround the categorical variable with the C ()
keyword

Let’s look at an example with zip codes; the zip codes in the
data are 10023, 10024, 10025, 10069
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The ¢ () keyword ensures thezip
— code s turned bnto @ dumny

Dummy variables in Python -

Sat OLa( price per 24Pt ~ ClEip cose) ", dutesdt

Dep. Variabie: por_sq Raquarec:
Modet L5 Ad) Resquared
Methoa: . Fammte: 4177

ome Prod Pstataticy
Tive: 5 Logimemnoos:
No.bsarvations: A
o1 Resicua: “ e

There ave four dlifferent zip
T sodles, bukowly three

variables - 10023 Ls/

dropped as the baseline

Twrcopt
Clep_coomqr10524)
Clap_coon(T10025)
Clap_coonr10008)
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Interpreting the coefficients

q t for the
i e price per square oot
This is the averagepriot P W10023 OW

baseline category (10023); properties b
average cost $1,523 per square foot

coef

Intercept 1522.7123 < (i

P! ;’;H—s isthe 'P"%%wawb?mus in10024; 0m

C(zip_code)[T.10024] -116.2938 <— A9 Broperties in thatzip code cost 41,622 -
116 = $1,407 per square foot

C(zip_code)[T.10025] -256.0747

C(zip_code)[T.10069]  127.0532 < B B
\ This bs the “premivm” for propertiesin 10089;

fesi (v code cost $1,523
average, properties L thatzip

$127 = §1,650Per square foot
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Interpreting the coefficients

smf.ols('price_per_sqft ~ C(zip_code) + C(property_type) + floor', data=df_se).fit().summary()

coef

Intercept 1594.2265

C(zip_code)[T.10024]  -16.8472

C(zip_code)[T.10025] -241.5274
This is the average price per sauare foot i

condo apartments (che base category) on
floor o0, inzip 10023 (the base category)

C(zip_code)[T.10069] -101.9790

C(property_type)[T.coop] -496.2814
floor 12.4461
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AT THE VERY CENTER OF BUSINESS

The total amounte of variation i
thf data - Looking at gLl tire
Prices, how much dp they vary?

Errors in linear regression
variation thatthe regression doeswt
. In otherwords, the BVerage evvor
. what the regression sA ys and

The
explabs
betwees 2
what the true value ts .

: —

3 SST=3(y,7F =N}
-8 N

2 SSE=S'(y, 5, f =3 &7 =N&?
g = =]

] L

: SSR=2(y,-¥)

g i=1

’8“ The vm’uztiuwtmugress‘wnmcf\:mm; in

pther words, whew W!

Floor s s the avaount of EAAE
vegression caw explain usini

4 Columbia Business School

£ that varlation thatthe
gthe x-variables
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Errors in linear regression

All the results we derived for univariate regression apply to
multivariate regression; they're just a little harder to prove (my
notes here have all the proofs you might want)

=0 (Mean of the residuals is 0)
COIT( X, 5) =0 (Residuals are uncorrelated with the x-values)
COFF();,S) =0 (Residuals are uncorrelated with the predicted values)

SST =SSE +SSR (Errors decompose)
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Estimating o,

To get an unbiased estimator of 62, we divide by N—p — 1,
where p is the number of variables in our model:

1 .
2= _VV
f prfé(y, Vi)
If you like the “degree of freedom” explanation, this is because
we are estimating p coefficients plus the intercept. Dividing by
this number makes the estimator unbiased

E{Ai(yi _};i)zj| = 0_3

N-p-1%
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The distribution of the g

4 Columbia Business School

The multivariate normal distribution The multivariate normal distribution
The multivariate normal distribution produces a vector of It can easily be shown that if
Y~N(u2)
Then if X is a constant matrix with w rows and k columns

normally distributed random variables
=
XY ~ N, (Xu, XZX")

N k (ﬂ, 2 )
This is the more general version of the rule that “summing
normal random variables gives another normal random variable”

w \ .
"ot maty; ”
K/emwfmam withk ::emgmjts arethg va:/;rhe Aagony
€ Varigpjes the o ﬁq:;t; ofeach of
onal
4 Columbia Business School

ally Ewkrigs; epch gntry cowtaing
The wuber of norm
distrlouced randont the eanof the Mv,ﬂijﬂnmv‘e ::CWL!M,(-S areth oot
variables in the veetor MR € Varigles, fthis rifnces betwee,,
maty; fthisic g
% thevaripp, . u:lgomm
Orvelatey
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Our estimated B is a random variable

B~N, ([XTX]‘1XTX,B, o2 XTX]XTI{[XTX] X }T)
XTX]'XTXB, 02 [XTX] ' XTIX[XX] ')

Our estimated B is a random variable
Matrix - a fundamental assumption of

The idcnﬁt’g
stonls that (1) the errors aye uneorrelated

Np
N

i is the true B ("thLCiw:LraF)’ Linear regres:
9= (2)th
e R e o o e
Y ~ Ny (XB,02) N, (L
~ N, (XX X"XB,c2[X"X]" XIX[X"X] ")
~ 2
( Y o2 NN(Xﬁro.;:‘)

This is @ multivariate
ﬂ = (XTX)_1 XTY ISl the thig o (1057,
) N g o niictna B.o? [XTX]—1)
P\=e
~ _1 T
B=XX)"XY
- Columbia Business School

vanl distribution. A
t the total number of
datapoints We have
actually i
\ is a randone variable, so [3/
will be as well - i fact, it w»LLL
aleo be @ neultivariate normal
% Module 3 | Slide 120 of 178
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Our estimated B is a random variable
BN, (B.0XX]")

We have shown that £ is a normally distributed
random variable. The mean is the true g which is
fantastic news, but there’s some variance around it,
which comes from the errors in the data. Because
there’s some noise in the data, there will also be
some noise in the .

Finding these variances in practice

* We can find the variances manually
- Estimate o2 using s?2.
« Calculate (X™X)"
- We take this approach in the optional cell of the Jupyter
notebook, but it quires some more advanced Python
functionality

« Luckily, statsmodels can calculate these variances for us
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Finding these variances in practice
smf.ols('price_per_sqft ~ sqft + bedrooms + bathrooms + rooms', data=df_se).fit().summary()
coef stderr ﬁ
Intercept 1093.2072 34.007
These are the
saft | -0.0470 FH0.040 dlagonal elements of

bedrooms 54.1766 22.918 'o‘f [XTX]—1
bathrooms  379.3654 26.075
rooms -77.9379 16.012
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Errors in “predict”
regressions: prediction and
confidence intervals




Making predictions using a regression

How much does a 565
square feet apartment
with no bedrooms, one
bathroom, and 1 room
total usually go for?

| have a client trying to sell

their home; it's 565 square
feet, no bedrooms, one
bathroom, and 1 room
total... How much is this

property going to sell for?
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4 Columbia Business School

Making predictions using a regression

How much does a home How much will my
i like this usually go for? client’s home go for?

Y red — Xnewﬂ Y

p pred

=X B+e€
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The mean response is the same in both cases

reg = smf.ols('price_per_sqft ~ sqft + bedrooms + bathrooms + rooms', data=df_se).fit()

new_home = pd.DataFrame({'sqft':[565], 'bedrooms':[®], 'bathrooms':[1], ‘reoms’:[1]})
new_home

sqft bedrooms bathrooms rooms

0 565 0 1 1

reg.predict(new_home)

®  1368.073354
dtype: floatsd
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Making predictions using a regression

erm... OK — so $1,368/sqft.
What's my confidence on

this number, though? Am |
sure it's going to be exactly
that number?
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Let’s start with the error on the mean

How much does a 565
square feet apartment
with no bedrooms, one
bathroom, and 1 room
total usually go for?

Ypred = XnewﬁA
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Let’s start with the error on the mean

Yprt-)d = Xn § ™

Thisis g
wottheveal B.1t's B, o multbvariate wormal random,

vari, f ral to calewlate
cvm,b[c!/wc'l:ﬂwmse the rules of multivariate norneal 0 calewl
th dLstnbuﬂ.Dwbeurpredlaﬁpm.s,Rcclzll B~N, (B.07(X7x) )L‘ ‘
,(B.a7 )

Ypred ~ N(Xnewﬂ’ Gfxnew [XTX]_1Xr71-ew )
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What about the error on a specific observation

p

| have a client trying to sell

their home; it's 565 square
feet, no bedrooms, one
bathroom, and 1 room
total... How much is this

property going to sell for?
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What about the error on a specific observation

Y

pred = Xnewﬂ teE

AN

N(0,571)
Yoo ~ N(X0 8,07 [ 1+ X, XXX, )
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Calculating these numbers in Python

* As before, we can calculate these numbers directly in Python
+ We first need to estimate o, using s,
- Then, we use the formula to calculate the covariance matrices
+ Again, we do this in the optional cells of our Jupyter notebook,
but it requires a little more Python than we’ve covered

« Instead, statsmodels can do this for us automatically!
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Getting prediction variances in statsmodels

The ctandard
ervor ow the mean

predictions = reg.get_prediction(new_hose)

predictions.predicted_rean

. array([1368.07335384))

> predictions.se_mean

array([27.37525612])

ons. se_obs

> pres
/ array([352.67199473])

The standayg error on
a stngle observatip,,
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Confidence intervals in statsmodels

predictions. summary_frame()

mean mean_se mean_ci_lower mean_ci_upper obs_ci_lower obs_ci_upper

0 1368.073354 27.375256 1314.37429 1421772417  676.275048  2059.871659

NP

Confidence intervals on these means
- Note that in theory, if we knew the true o2, we’'d be able to
calculate these confidence intervals using a normal distribution
- Unfortunately, we don’t — instead, we know s? estimated from
the errors, which isn’t quite the same thing

- For that reason, we need a t-distribution, not a normal
distribution — and the details are beyond what we’ll have time
to cover

5% confidence i 95% confidence f
e ke mean  litarvaton g smsls * Thankfully, statsmodels does it all for us
observation
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4= Columbia Business School
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Predictions \ e

Module 3 | Slide 141 of 178

Errors in “explain”
regressions: confidence
intervals on the coefficients

An “explain” regression

I'm going to build a building of 1
bed, 1 bath, 3 room total
apartments; how should | use

my space? More apartments
but keep them smaller, or fewer
larger apartments?

&
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An “explain” regression

smf.ols('price_per_sqft ~ sqft + bedrooms + bathrooms + rooms', data=df_se).fit().summary()

coef
Intercept 1093.2072

saft 00470 At first glance, this coefficient is negatve

this means the cymaller the apartment, the

bedrooms 54.1766
it is per square foot! Sowe

move expensive :
bathrooms  379.3654 shﬁutd definitely build swaller
rooms  -77.9379 APAVEMENLS. .-
4- Columbia Business School
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An “explain” regression

smf.ols('price_per_sqft ~ sqft + bedrooms + bathrooms + rooms', data=df_se).fit().summary()

cost This mumber is a stngle draw from the

Intercept 1093.2072 J Alstribution
R 2ry Ty 1-1
sqft  -0.0470 < B~N, (ﬂ,cs [XTX] )

ang what we care about tsn't the draw; it's
the true B. Does observing one single
negative draw from this distribution tell
you for sure that the true B is negativer?

bedrooms 54.1766

bathrooms  379.3654

rooms  -77.9379
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A hypothesis test on 3
B~N, (B IXX]")
- We observe a single draw from [?Sqﬂ; in this case, —0.0470
* We want to carry out the following hypothesis test
* Null hypothesis Hy: s = 0
* Alternative hypothesis H;: By # 0

- If we knew o2 exactly, then we could say that under the null
hypothesis,

Pean
G2 XX]

sqft.sqft

By ~N(0,62[X X3y o) =

sqft,sqft

~N(0,1)

Module 3 | Slide 148 of 178 4- Columbia Business School

A hypothesis test on

+ Unfortunately, we do not know o2 exactly. Instead, we have to
use s2.

« It turns out, for reason that go beyond what we cover in this
class, that under the null hypothesis,

student’st
— distribution with N - P

, T st

B ’

—_— Nep—"

Fa— Nl 4
2IxTx b er of Variable
b[ ]sqﬂ,sqft 7 inthe regression, 3

g of 4at2
poimEs

* Luckily, statsmodels will handle all the details for us!
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Hypothesis tests with statsmodels

smf.ols('price_per_sqft ~ sqft + bedrooms + bathrooms + rooms', data=df_se).fit().summary()

) ﬂ The probabili etti hi
____  Bw pro etting this drgu
B X X]U.\ ¥ [XTX]71 __ frone B assuniing the wagy hypothesis
k \ 2 B Bi=0 is brue. if this is SVMMLTEL than
‘\ S we rgfect the wud) hypothesic

coef stderr t Pt [0.025 0975 —__
N\

Intercept 1093.2072 34.007 32.146 0.000 1026499 1159.915
sqft -0.0470 0.046 -1.015 0.310 -0.138 0.044
bedrooms  54.1766 22918 2364 0.018 9221 99.132

\TV\B 95% confidence tnteeval
on i?, of the wull hypothesis is
refected, this won't {ncluste O
bathrooms  379.3654 26.075 14.549 0000 328217 430514

rooms -77.9379 16.012 -4.868 0.000 -109.347 -46.529
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Our conclusion

Regression is the right way to “explain”
M.N.S

smf.ols('price_per_sqft ~ sqft + bedrooms + bathrooms + rooms', data=df_se).fit().summary() REALRSTATE
NYC
T &5
coef stder t P [0.025 0975 . o
Intercept 1093.2072 34.007 32146 0000 1026499 1159.915 o
sqft  -00470 0.046 -unsm - B
bedrooms  54.1766 22.918 2364 0018 9221 99132 1t Lookes Like in this instance, we ca, S—— - B
bathrooms ~ 379.3654 26075 14.549 0000 328217 430514 rejest the wudl hypothesis {;,m.p mft L
" . . = L8 not oo CE
rooms  -77.9379 16012 -4.868 0000 -109.347 -46.529 enough evidence to shovs tha - IR
:}W‘afm‘wg else being equal, the size of e
he apartment affe £ the price of the (asia
apArtiment per square feer - B e
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q a g « -y D o
Regression is the right way to “explain AT R
e

smf.ols('price_per_sqft ~ C(door_attendant)’, data=df_se).fit().sumary()

“A doormai vilils detweew $305 awd $424 persq-foot” c....,.....-'—’.'.:f s

~ bedrooms + bathrooms + floor
+ C(door_attendant) + C(property_type) + C(2ip_code)
+ saft + rooms + C(gym)''*, data=df_se).fit().summary()

saf.ols("*‘price_per_sqft

“A dhoorman ndddls between
#$39 aud $223 per <q foot”
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 Multicollinearity refers to the fact some variables in the data might
be highly correlated
« This makes the regression much less reliable
» Shows up as broader confidence intervals
- Two ways of thinking about why
- If two variables are highly correlated, it's difficult to know which one causes
variations in the outcome (eg: predicting
- If two variables are highly correlated X7X is very hard to invert
« A common misconception I've seen is people getting scared when
there is any correlation between variables. Wrong. Separating
between correlated variables is precisely what linear regression is
about! Trouble only arises when variables are highly correlated.
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Multicollinearity

4= Columbia Business School
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The F-test (optional)




Multicollinearity

* We can demonstrate this using some synthetic data

» The notebook contains optional code that generates a data
frame with four columns
+ Two variables X1, and X2, designed so that Corr(X1, X2) = 0.999
« Avariable Y1, generated so that Y1 = X1 + ¢
+ Avariable Y2, generated so that Y2 = ¢ (i.e., Y2 has no relationship to
the X variables)

¥ v2 x1 X2

2203714 0551302 1.063058 1.107660
1037392 0419589 -0249226 -0.316590
0806762 1815652 0541528 0615383

2063392 0252750 2435663 2416482

s e m 2o

0071639 0202004 -1246239 -1.285001
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Multicollinearity
Let's fit a first regression that tries to predict Y1 using X1 and X2

smf.ols('Y1 ~ X1 + X2', data=df_data).fit().summary()

coef stderr t Polt] [0.025 0975 3

Massive confidence Lntervals - trg
varmbt§ Areso highly correlated the
regression just Ot figure out where
thevariation in yis coming from,
eventhough thert is signal there

== 7

Intercept -0.0491 0058 -0.840 0402 -0.164 0.066
X1 06455 1.326 0487 0627 -1.965 3256
X2 02652 1330 0192 0848 -2.362 2873
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No signal at all

Let's try and predict Y2 using X1 and X2; there’s no signal there
at all, Y2 is completely random

smf.ols('Y2 ~ X1 + X2', data=df_data).fit().summary()

coef stderr t Pt [0.025 0.975]
Intercept -0.0444 0.056 -0.790 0430 -0.155 0.066
X1 05573 1276 -0.437 0663 -3.068 1.953

X2 05404 1279 0422 0673 -1977 3058 ALSD"““SSL‘/“MﬂchcimewaLs
How do we tell the differencey
-

~__/
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The F-test

» The F-test tests the regression as a whole
* Null hypothesis: every B =0
+ Alternative hypothesis: one or more g >0
= Under the null hypothesis, it can be shown that

F distribution with P
— and N - pdegrees of

~ ~ / freedone
%ﬂTXTXﬂ _ v

B /Numbcy of variables
8—2 PN-p < inthe regressipy,
E Nwwbcvufmatn-poiw:s

- As ever, statsmodels will handle all the gory details of the
computation for us
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A model with signal

smf.ols('Y1 ~ X1+ X2, datasdf_data).fit().summary()
Dep. Variable: i Requared: 0454
Model: OLS  Ad). R-squared: .,
Method:  Least Squares Fastatistic: T Tiny p-valug; we vycjcat .
Date: Sa1.01 30 2022 Prob (F-statist the wuLthp/utm/msthLu
Time: 140207 Log-Likelinood: p=0 there s stgnal...
No. Observations: 30 i
Of Residuals: 207 sic:
Of Model: 2
Covariance Type: nonvobust
coof std o — e
Wtaccopt 00491 0058 084 though the vayigpys

:n tf’” corvelated tp to) Where
hesigual ic coming frop,
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A model with no signal

amf.ols('¥2 ~ X1 + X2', dataxdf_data).fit().summary()

Dop. Variable: v2 Resquared: 0001
Model: OLS  Ad)Rsquared: -0.006

. . ccept
Method:  Least Squares Fatatistic: 01485 /\ High p-value; we acoP

is that
Date: Sat. 01 Jan 2022 Prob (F-statistid ehe null hm?thcs»s/ o
Time: 140249 Log-Likelihood: 41554 B = o; there isnosig
No. Observations: 30 ac: s3rs
Of Residuals: 27 Bic: 8B40

Of Mode: 2

Covariance Type: nonrobust

coet std e t Py 0025 0975
Intercept 00444 0056 0790 0430 0155 0066
X1 08573 1276 0437 0663 3068 1983
X2 05404 1279 0422 0673 1977 2088
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Variable selection

 Throughout this lecture, we have been fitting a variety of
regressions, with a variety of variables
« We've seen that adding or removing one variable can have a

massive effect on the coefficients (and its confidence intervals
and p-values)

« This begs the question — when we have a lot of variables,
which should we include?

* This is called variable selection

« Variable selection is an enormously complex topic — we’ll
scratch the surface here; more in Applied Regression
Analysis, and BA2
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Variable selection

- Columbia Business School

Why not include every variable?

+ Suppose this apartment sold for
an unusually high price

« What would happen in our
regression if we added a dummy
variable for leopard print?

+ Should we add the variable?
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Overfitting

« Every extra variable can only help reduce SSE, and make the
R? higher

- However, with too many variables, the regression will start
capturing some spurious correlations in the data

* As such, we'd like to include just enough variables to

capture the signal, but not so many that we start capturing
noise

Module 3 | Slide 168 of 178 4 Columbia Business School




Overfitting — one approach

One approach to try and avoid overfitting is to use the adjusted
R? instead of the R?

Unbiased

/ estimator of ol
Adjusted R? _4_SSE/(n-p-1)
SST/(n-1)
\ Unbiased
estf_matorgfoz

The unbiased estimator captures the fact that as we add more
coefficients (p goes up) our estimate of 62 also goes up, and so
the Adjusted R2 might go down. The maximum adjusted R2 is
now no longer necessarily attained using every variable.
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Picking significant p-values

* The most obvious way to do variable selection is to simply pick
all the variables with p-values < 0.05

« This gives us only the variables for which there is enough
evidence in the data to reject the null hypothesis that the
variable is equal to 0
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Two major issues

* The multiple testing problem
+ This amounts to doing lots of hypothesis tests one after the other
* This is likely to identify more variables than are truly significant

* Adding variables one-by-one

- As we've seen many times before, if two variables are correlated, it's
possible that neither will be significant when they are in the model
together

+ But if only one is in the model, it would be very significant
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~ Another example: Glassdoor




Glassdoor jobs report

door | ECONOM
91assclor | CESEARCH

Why Do Candidates
Reject Job Offers?

An Analysis of International Data
from Glassdoor

Fcamome M oo

el
Semmor Gcomamit & et St

Glassdoor jobs report

Key Findings

')
s v classdoor comiresearchiappiuploadsistes220
20102/20.02-27-Glassdoor-Econ-obReiecion-Reportpat
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A3: Categorical Regression of Interview Difficulty for Professional & Technical
3 on Offer Acceptance Probability
A1: Regression of Interview Difficulty on Offer Acceptance Probability
Country
Variable of interest Test T Varishinof interest \;‘;‘: United
G [P ———— S
080
prow Loved o otervirw Sty = 3 stars e
Live of rterviem Sty = 4stars e
4 ¥ Loved of intervim Sty = 3 stars g 3
WO M AN LS 3e wn Cortrom b voas and try v v
007 007 ° on oy o3 o Corerot o vte of eplover v v v N v
Cantron for accumaton categery v v v . v
Corerotu to sgmc i v v v ¥ v v
Otnervatsom o e 7308 wn 2959
Adpntea  souured o1 a1y o1 o1 o1
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Pricing and Logistic

Fall 2024
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*» The case of Nomis
» E-Car and the pricing analytics opportunity

» Logistic regression — predicting customer’s decision

» Multivariate logistic regression
* Analytics-driven APR
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The case of Nomis

nomis

solutions

Pricing and Profitability
Management for
Financial Services

- Columbia Business School

Exhibit 1

The Largest 200 Global Companies (by Market Cap) by Industry

s

oczB8s833

Exhibit 3

Existing Price Optimization Companies and their Industries of
Focus (2002)

Ziliant

0 A
&0 s /|

0

2 W\
) /

2

10

0

ProfitLogic
DemandTec

A g
1 1 ¥ S \
H BB %!
10000 0nnan [0 AE 0 s e
& 2 RS SR & P p & FLLSLELSLRE &S
CLLLLELCEEE & SSELE &&Js‘if" e r

L XS Q & & &£
¢ & A & & & & :,\)@

&
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Source: Nomis Solutions
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Exhibit 6

Auto Loan Pricing in the Houston Market, mid-2004 to mid-2005,
FICO 700

Source: Nomis Solutions. Analysis based on Informa Research Rate Sheet dota,
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Assessing the size of an opportunity
« Value margin: how much can analytics improve each
transaction or decision
» Scope: how many transactions and decisions can we improve?

Scope ($ affected)

Value margin w‘

(increase/$) \ Total value opportunity

|
\
\
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The value stick

wrr @ price @
-
ot o Business analytics can
e @ help firms capture
P unrealized value from
- customers willing to pay
con @ ooy Lo @ more by raising prices, or
increase their customer
ws @ wis @ base by lowering prices
Underpricing Overpricing
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What is the process of getting a loan at e-Car?

%
2 w S5

X
/N
= X

e
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The e-Car data (208,085 rows)

import pandas as pd The ear type; N g \Where e-Car 9ot
“‘new”,
df_nomis = pd.read_excel('Nomis data.xlsx') V) Ueans “used”, tiis Lead from

Rmeans “refinancer
df_nomis.head()

v
Costof  Partner

Approve Previous  Car  Competition
Tier FICO Date Term  Amount Rate  Typo Tate Outcome Rate ol i
0 3 695 20020701 72 350000 N 625 0 749 1.8388 1
11 751 20020701 60 40000.0 N 565 0 549 18388 3
2 1 731 20020701 60 180640 N 565 0 549 18388 3
3 4 652 20020701 72 154160 N 625 0 899 18388 3
4 1730 20020701 48 320000 N 885 70 549 \ 1.8388 1
o M fcthe  Rate 16l the customer i ateofferedtothe
w9o0dis this prowtong e com offered b, it the Loan (1) = mer
2 i Su
Persow's Fleo Score? Loan (momhs) Pfhtovs Aroung accep ) cons
time or wot (0
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Starting with an easier problem

» With any problem like this one, it's helpful to begin with a
smaller, simpler segment of the data to understand what's
happening

* We will use

 Used cars

- Borrowers with FICO scoes between 684 and 712
* Loans with a term of 60 months

+ Loan amounts between 17.8K and 25K

« How could we determine whether e-Car is mispricing loans in
this segment?
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Starting with an easier problem

df_segment = df_nomis[(df_nomis['Car Type']
& (df_nomis['FIC0']
& (df_nomis['FICO'] ¢= 712
& (df_nomis['Tern'] == 60)
&
&

(df_nomis[ 'Amount'] >= 17800)
(df_nomis[ 'Amount'] <= 25000)].copy()

len(df_segment)

1540
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What is e-Car doing in this segment?

— /
B . ¢-Cay wosty prices .,
Loawns becweer &% o
6.5% nthis segment
5 300
3
S
S
2 200
E
3
2
100 I
° I I I m
T 4 4 5 8 2233
¥ 2 89 8¢ 2R 3 83
S v © w 6 v & w o A
“ ¥ un w6 6 R R ®

Rate
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Revenue per accepted quote

* Revenue per client is the money received from the client minus
the cost of funds

* Both can be calculated using the numpy financial.pmt
function, equivalent to the Excel PMT function

import numpy_financial as npf

def loan_rev(APR, cost_of_funds, term, amount):
return -npf.pmt(APR/(108%12), term, amount) + npf.pmt(cost_of_funds/(100*12), term, amount)
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Revenue per accepted quote

w
S
©

5
3

0

20-5.5
>o.5 [

$ Per Cust./Month/Accepted Quote
 Far ChtMontyAccepted Qud
5 8 8 8 8 8
4045
45-5.0 [
5055 [
7075 |
7550 [

5.5-6.0
6.5-7.0

Rate
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Conversion rate Revenue per quote
30
0.8/ 251
2 Revenue per quote
]
fos| gzo =
s 5
4 30 Revenue per accepted
£04 3 quote
o é 10| X
0.2 "
I I I l 5| I I Acceptance rate
(W | )
TR R L TR TR o n © m o mn
T 4 W 6 W & o~ © ©® © v w m n © N N © ® o
S w S w & B & w o A S h S B S A & w & A
< < w w e o ~ ~ © < < wooon © © ~ 0~ @
Rate Rate
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Framing the problem

- Given a new customer, we want an algorithm that can tell us
the best rate to offer that customer

« Too low, we're leaving some money on the table
« Too high, the customer might leave

« In fact, we want to find the APR that maximizes
Net revenue for the loan(APR)
xP(Loan accepted given APR)

and what
andh Ve
Thists @ mm’/J’

we weed £ esclmate

loan_rev (apr

cost s
loan term, 1o Of funds,

oan size)
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Estimating the probability of accepting
5 e i e
08
v 06
&
go.a
0.2
GOl e R R
a 5 8 9
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Estimating the demand
function




Estimating the probability of accepting
Linear regression
Outcome; = a + b APR; +¢;
Where APR; is the APR quoted to customer j, and:

if customer j accepted the quote

1
Qutcome; = .
700 otherwise

Linear regression
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Linear regression
10§ = 00w x 20 HoswmoRROOK 00w X X 00K X NK WK 20X 300K
08}
06! y=1.5-0.18-APR
g R2=023
g
S04
3
02|
0.0] % mxosomomxxx momxXX R0dmco MK 006 -
a 5 7 8 9
Rate
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Issues with linear regression

* Predictions need to be probabilities (between 0 and 1) but
linear regression might predict numbers smaller than 0 or
larger than 1

* The “normal errors”/“errors independent of x” assumptions of
linear regression are violated
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Logistic regression




Logistic regression

Logistic regression is a technique for fitting a curve to data in
which the dependent variable is binary

Applications
Response to a medical treatment: worked (coded as 1) or did not
work (coded as 0)
Customized pricing: bought (1) or not (0)
Sponsored search: user clicked (1) or not (0)
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Logistic regression
P(Accepting given APR) =Logit™" (a+b-APR)

Logit(p) = In[LJ
1-p

The Logit function squeezes the results of the linear regression
to the range [0, 1]

The responses are always between 0 and 1

Allows for flexible nonlinear shapes

Parameters a and b need to be chosen to fit the data “best”;
more on that later

np. exp (-w)
|

Logit™(w) = L — //

1+e
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Differing conventions
Note that

Logit™(w) =

1+e"

Some texts you will read will use the second form of this function
— they are identical.
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Logistic regression in Python

import statsmodels formula.api as snf

Rate’, datasdf_segrent).fit()

Oep, Varabie: No. Goservations:
osel Of Residuais:
Vetnea ot Mot
oate Pasudo Resqu:

e Logikeiinood:
verged: Lo

Covariance Type: LR pvalue:

Poizi 0025 0975

Intercept 6
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Logistic regression in Python

1.0 |« omme x wone sommscmomoen et X X X300 ¢ 2 0k

0.8
©06 w=6.36—-1.13-APR
€ 1
S /P(Accept) =iTe™
< /
o4 /

P
0.2

0.0 XX MOROOCK X X MR XXX MO0 WX XX K

Rate

Module 4 | Slide 41 of 120 - Columbia Business School

Understanding logistic regression

logistic_reg.params

6.360323

1.2
floates

~(a+b/APR)

df_segoent(["Rate’]].head(2)

1+e

_ nae

- —(6.3603-1.1278x6.19 619
1+ U

s a0
=0.3496
logistic_reg.predict(ef_segment([‘Rate’]].hesd(2))

———358— 0.349656
465 9.349656
dtype: floatss
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Interpreting coefficients

- Coefficients are harder to interpret in a logistic regression

« If w goes from 1 to 2, it has a different impact on the predicted
probability than if it goes from 10 to 11

» The sign of the coefficient, however, can easily be interpreted;
the negative coefficient here means that as the APR
increases, the probability of acceptance goes down
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A deeper dive into logistic
regression (optional)

Where does logistic regression come from?
- There are many ways to motivate the exact form of logistic
regression
* Many of them are summarized surprisingly well at
https://en.wikipedia.org/wiki/Logistic_regression
- We're going to focus on one specific interpretation that is
particularly well-suited to the problem at hand
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A latent-variable model of logistic regression

* The theory of discrete choice models tries to explain how
consumers make purchasing decisions

* The idea is that when we decide to buy something, we weigh
up the pros and cons
« Getting the item is a pro (positive utility)
* Having to pay for it is a con (negative utility) — the more expensive,
the worse (more negative) the con
» There might be some randomness (positive or negative) based on
who the consumer is exactly
« If the total utility is positive, the consumer gets more out of
buying the item than not and buys it. Otherwise, they don’t
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A latent-variable model of logistic regression

The disutily a
The utility A certain coNSUMEr forthe L:ﬂ!;[:t(% \fxyiﬁhnw% topay
ing the € negative).
would get out of accepting The wwore negative b s, tge mg:e

customers care about price

car loan \

Utility, = a + b APR; — ;

ke of the
The ba. £l Aon COMPONENt
rom gating fhar 1o 9% T wars ity Goross £t
B
g acarlogn B Lation, EL81 =0
wholepopu P AL
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The distribution of g

0.40 1 ~ -
f(x)= —exp(——; XZ) lormal distribution
0.35 N2z Logistic distribution
0.30]
025 } o B
2 J The Logistlo distribution fx) = e
2020 s focertails; £ ALOWS Are
& s to capEure wmort / \
015 uyyeirad” cuStOMErS
0.10|
0.05
0.00|
-4 =2 0 2 4
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The CDF of the logistic distribution

Suppose X has a logistic distribution st
.»pm=—t"“>‘d
x e Sdu=@-wWax
F(x)=P(X<x)=| ——— dx
(x)=P(X <x) Lme,xf J
Sl gy
2 u® 1-u

140"
= —J' u? du

[
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From latent variables to logistic regression

Suppose the error ¢; has a logistic distribution...

P(Customer j accepts) =P(a+b-APR, —¢; > 0)
=P(¢;<a+b-APR))
1

This is just the formula for logistic regression!
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Back to linear regression

Recall that in linear regression, we find the best coefficients by
using...

min, [Y - XB|

Module 4 | Slide 53 of 120 4 Columbia Business School

4

Columbia Business School
AT THE VERY CENTER OF BUSINESS

Finding the best coefficients
in logistic regression
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|_APR,_| Outcome |
An example 2.1 1
22 0
Whatifa=2and b=-3 13 1

P(Data) = P(APR 2.1 accepts) x P(APR 2.2 doesn't accept)x P(APR 1.3 accepts)
1 1
=0.0134x0.9900%0.1301
=0.0017

Now suppose a=1and b =-2
P(Data) = P(APR 2.1 accepts)x P(APR 2.2 doesn't accept)x P(APR 1.3 accepts)

_ 1 1 1 1

T 1ie 220 H U= 1+ e 222 x 1+ e 29
=0.0392x0.0.9677 x0.1680

=0.0064
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The likelihood in logistic regression
Recall that logistic regression assumes

P(j Accepting given APR) =

And therefore
P(j NOT Accepting given APR)=1- H:sT(:W
QrELARR))

Using these formulas, we can calculate the likelihood of the
data we’re observing given any value of a and b.
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More generally

Suppose we have N datapoints, with rates APR; and outcomes y;
(equal to 1 if the loan is accepted, and O otherwise)

P(Data) = lﬁ[[P(APRj accepts) [’ [P(APR, rejects)]

=
N 1 Vi grlarbAPR)) 7
= 13 1+e CPRR) 1+ @OAR)

Logistic regression finds the best a and b by maximizing this
likelihood
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The log-likelihood

The likelihood can become very small. Instead, therefore, we
usually use the log-likelihood:

N 1 7 o (abAPR)) =
logP(Data) =lo
] ( ) gg( 1+ ef(ada-APR/) J [ ~(a+b-APR;) ]

1+e
Multiply the top and

4 N 1 o (@ DAPR))
wottom of each fractlon = logf —— |+(1-y . )log| ————
o he previous Line bﬂ\ ;y/ 9 14 @PRR) (1-y,)log 140 @R
b
¢ 7 N e(am APR) 1
=;y,log PIPACEZC ) +(1—y/)log 1+ @ PRPR)
=
Work through the ~ _ . a a+bAPR, )
g =Yy, (a+b-APR,)-log(1+€
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Finding the best coefficients

The best a and b can be found by maximizing this log
likelihood, or, equivalently, minimizing the negative log
likelihood.

This negative log-likelihood is also called the loss.

min, , [-logP(Data)] =min,, Eﬁ:log“ +e% AR ) -y;(a+b-APR, )}
F
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Finding the best coefficients
min, , [~logP(Data)] = min,, [ﬁ:logﬁ +e™ R ) -y;(a+b-APR; )]

To find the minimum, let’s find the derivative of this expression

& AR,

F} N
—|[-logP(Data)| = E ——aw Y
aa[ ogP( aa)] =1+ o™ PR, Yi

APRI LT HAPR
14 67 PAPR; - y/APR/

P ]
LJrembAPR, ’y/}APR/

=]
-1

i

a N
%[—Iog P(Data)] ="
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Gradient descent

Gradient descent
- Gradient descent is a very general algorithm that can be used
to solve these kinds of optimization problems
- The idea is to start with some random values for the

parameters...
+ ...and then move in the direction of the gradient

* Let's look at an example with an easy function

A simple example
Suppose we are trying to find the minimum of f(x) = 0.25x2

201 \
y

. /
< 151 '\\ /,/
n /
5 10 \ /i
0.5 | \ /
oz
0.0! —
550 -1 01 2 5
X
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The gradient of the
curve is

A simple example

Start at some random point; say x = 3 9 fy=ix
N dx :
\ 14 So at this point, the
2.01 \ / gradientis 2 x3=1.5
\ /
St st /
e \ /
L} \ /
oS AT N / The gradient s the direction in
é N / which the curve is increasing.
] o We want to minimize the
0.5 . S s : .
unction, so move in the opposite
B A direction of the gradient
0.01{ E—— D —

S o= 1O S s

4~ Columbia Business School
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A simple example

We are now at x = 1.5

20]

/
N At this point, the gradient /
x 1.5 \ is %% 15=075 /
e \ = /
ol 5 \\
x \ !
= /
0.5 \
X = Move in the opposite
0.0 "« direction of the gradient
83 2 -1 6 1 2 3
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A simple example

We will eventually reach the optimum...

2.0 \

r/"
N y
s 15 \
110 \
&
051 N\
S
0.0! — ]
-3 -2 -1 3
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The learning rate

* We have implicitly assumed that every step we take is 1 x the
gradient

* We have implicitly been using a learning rate of y = 1

* We could move faster — why not use a learning rate of y = 5,
and make our steps five times the gradient at that point

* Let's see what that looks like...
* x = 3. Gradientis 1.5. Move to 3 — (5 x 1.5) =—4.5
* x =-4.5. Gradientis —2.25. Move to —4.5 — (5 x —2.25) = 6.75
+ x =6.75. Gradient is 3.375. Move to 6.75 — (5 x 3.375) = -10.13
+ x =-10.13. Gradientis —5.07. Move to —10.13 — (5 x -5.07) = 15.22

. M
e
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Better understanding gradient descent

Taylor’'s Theorem claims that for any function 7, and any two
points x and X, there is some point z such that x<z< X

f(x)=Ff(x)+ f'(x)()_(—x)+%f”(z)()_< —x)?

Now assume that the second derivative of fis bounded* by
some constant L, so that we can write, for any two points:

F(X) < F(x)+ F1(X)(X = x)+ %(7— Xx)?

* This is closely related to a concept called Lipschitz continuity,
beyond the scope of this class
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Better understanding gradient descent

There is a simple graphical interpretation of this inequality

£(X) < F(x)+F(x)(X — x)+5(X — x)?
| | =axt+Bx+C
\ \whatever the VAl of % tl/nech
\ \ is o pavabold with wwmt’v:s
\ tangent to 00 at XEnBE L
\\ completely above fX)

/
/

\ =
— | A4 W

Module 4 | Slide 73 of 120 4- Columbia Business School

4 Columbia Business School

Gradient descent step

Let x be the current step in the algorithm
Let X = x—yf'(x) be the next step in the algorithm
What is the value of the parabola at that new point?

£(x) < f(x)+f’(x)()?—x)+%()‘<—x)2
=100~ AT + 5 A OF
- 10-(1- 2L 1o
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Gradient descent step
_ L
f(x)< f()<)—(1——27)7[f’(x)]2

R

Provided that y < 2/L, this term will be
_ negative, and so the new point on the
__— parabola will be /ess than f(x), the value
— of the function at the previous point

. /

But we know the parabola lies above the curve,
. so this means the new point on the function
f(z I _ must be below the previous one. This is true of
®) > ——— every step, and so we eventually converge to a
minimum...

x X =x—yf(x)
4 Columbia Business School
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Gradient descent — going beyond the basics

Gradient descent is ubiquitous in all of machine learning — from logistic
regression to deep neural nets

Gradient descent works best for convex optimization problems — but it
can still help with nonconvex problems

The choice of learning rate is important — choosing the wrong learning
rate can mean the algorithm doesn’t converge

In practice it is often helpful to use an adaptive learning rate, which
change as the algorithm progresses

In some cases, the gradient can’t be calculated analytic'ally — gradient
descent can use an empirical gradient based on data in those cases
We will later see a version of the algorithm called stochastic gradient
descent that can work with small chunks of data at a time

Gradient descent can get very slow, especially in high dimensions —
there are many, more advanced techniques that perform much better
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Gradient descent for logistic
regression

The gradient of the loss in logistic regression
Recall that for logistic regression, the loss is given by
_IogP(Data):ilog(ne‘””'”&)—y/ (a+b-APR))

And that

P N @ bAR,
%[_IOQP(Data)] :;1+ea+vaPRl -y

5 N ' e

a—b[—logP(Data)]: {W_yj}APRJ
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Gradient descent step

def gd_step(a, b, gamma=e.8801):
# Nake o copy of the dota 5o we can odd columns
af_copy = df_segnent.copy()

o+ bTAPR and exp(w)

af_cop; te']
p. axp(df_copy.w)
# Find the Loss ot the current volues of & and b
loss = (np.log(1 + df_copy.exp_w) - df_copy.Outcome®df_copy.w).sun()
# For each row, find the derivatives

4_a = ((df_copy.exp_w / (1 + df_copy.exp_w)) - df_copy.Outcome).sum()
b = (((¢F_copy.exp_w / (1 + &% copy.exp_w)) - 47 copy.Outcome) * df_copy.Rate). sum()

in the direction of the negative grodient
da

# Return the new o, new b, and new Loss function
return (a, b, loss)

Carrying out gradient descent

# Perform 10,000 steps of gradient descent, starting with a = @
#and b =6

from tqdm import tqdm
losses = []

a
b

(]
e

Won

for i in tqdm(range(10000)):
a, b, loss = gd_step(a,b)
losses.append(loss)

o NN o
0:24<00:00, 412.95it/s]
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Carrying out gradient descent Carrying out gradient descent
1050
1000 print(a)
print(b)
» 950 6.34478779056682
8 -1.1252187175282786
= 900 =
logistic_reg.parans
850 Intercept  6.360323
Rate -1.127767
dtype: floatss
800
0 2000 4000 6000 8000 10000
Number of steps
Module 4 | Slide 83 of 120 - Columbia Business School Module 4 | Slide 84 of 120

“4- Columbia Business School




4 Columbia Business School

AT THE VERY CENTER OF BUSINESS

Back to Nomis

“4- Columbia Business School

Back to framing the problem

Framing the problem .
we wa
. Given a new customer,
Eli‘;ies! rate to offer that "c\:s;\‘t;"m;ron s
J , we're leaving SO
. 11"‘::: |I'lci:;h. the customer might leave i
In fact, we want to find the APR that m:

n algorithm that can tell us

Net revenue for the loan(APR) e
4 ccepted given
xP(Loan accep -
ele b 8 08 imott
i cov (hER, cost of tunds,
Lo v, o o S
e ST 41
Module 4 | Slide 86 of 120 {‘7

Getting to the best APR

+ Suppose a customer in our reduced segment (the one we've
been working with) arrives
* The size of the loan is $22K, and the cost of funds is 1.412%
* What APR should we offer this person?
= On the one hand, we want to maximize the price we can get...

« ...on the other, we want to maximize the number of customers who
accept our offer

* In fact, we want
maX g [l0an _rev(APR,1.412,60,22000) x P(Accept given APR)]

MaXuer [Ioanirev(AF‘Rﬂ .412,60,22000) x TLAPR'}
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Getting to the best APR R

3
# Finding the best APR for our segment 31

32
APRs = np.linspace(3, 10)

# Find the Loan revenues for each of these APRs
loan_revs = [loan_rev(i, 1.412, 69, 22000) for i in APRs]
# Find the probability of accepting for each of these APRs

prob_accept = logistic_reg.predict(pd.DataFrame({'Rate':APRs}))

0
1
2
# Try a range of APRs
3 33
4

# Find the profit for each APR
profits = [i*j for i,j in zip(loan_revs, prob_accept)]

# Find the best profit and best APR
best_profit = max(profits)

print(f'Best profit: ${round(best_profit,2)}')
best_apr = APRs[np.argmax(profits)]
print(f'Best APR: {round(best_apr,2)}%')

Best profit: $23.9

Best APR: 4.71%
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Getting to the best APR

25

N
o

-
v

Excepted Profit
5
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Multivariate logistic
regression

4 Columbia Business School

Multivariate logistic regression

t we

for & in df_nomis.columns]

4f_ponis.coluans = [

4f_ponis.colusns

Index(['Tier’, 'FICO", ‘Approve_Daf

Tern', ‘Amount’, ‘Previous Rate',
onpetition_ “Outcome’, J 'Cost_of_Funds’,

“predictions’), create
categorieal
variables

# Fit the full Logistic regression
#ull_logistic_reg = smf.logit('"‘Outcome
, data = ¢ pomis).Fit()
Optinization terminated successfully.
Current function value: 9.383276
Iterations 7
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Multivariate logistic regression

ool sder  z Pm pazs  osrg
Iteccopt 5910 023 26178 0000 5458 6380
CMe(tz) 0262 002 1137 000 Q30 0228
CeoTy 02550 ooz sewr 0o oMz 0108
Ce(Tq  001% 0048 0380 0728 0108 007

Corm)[Te8) 02678  002¢ w1 0000 0221 035
CwmiTen 073 0022 341 000 0697 072 i
Cnm)TS)  0%63 0082 17420 0000 080K 1008 Notice we get access to atl the
CwmTTZ) 15654 003 4380 0000 1824 1667 SAME “Goodies” as we did in Lipeny
ClCorWpeTR] 18155 0024 7TAT2 0000 1768 1863 regression - p-values, com, idence
CCaHpOTY 21 0019 1ent 000 2103 2176 intervals, ete...
CPotr B(TZ 14557 0022 s4ss 0000 1500 412
ClPartoec BT 02529 0013 2198 000 039 0267
MO 0000 00 2432 000 0007 0006
Amount 8521605 882007 90641 0000 87605 83505
Competiion_rate 01504 0022 7195 000 OMG 0208
R 0MT2 0000 50200 0000 0824 04
Costofunds 0S4 003 1236 000 08 0423
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Utilty, = & + APR 4
e
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Finding the optimal rate

Hi there! I'd like a 60
month $22K loan to
buy a used car

Sure, let me check
what rate we can give
you
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Finding the optimal rate

s oricing raie
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A decision support system
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Model quality and calibration

- Columbia Business School

Evaluating a logistic regression

+ Binary models such as logistic regressions aren’t as simple to
evaluate as continuous regression models

* There are several reasons for this — among them
« The predicted outcome (a probability) is not of the same “type” as the
true outcome (a 0/1 binary outcome)
 There are many ways the outcome might be used; each will have
different definition of a “good” model
« As a probability; this is how we're using it here
« To rank outcomes; “we have a 100 loans sitting in our inbox, but only time to
follow up on 30 of them; rank them by score and follow up on the top ones”
« To make a yes/no decision: “a loan comes in and we think it might be fraud;
use a model to predict the probability it's fraud, and reject it if it's above a
certain threshold”
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Is the outcome actually a probability?
Remember this formula?

Net revenue for the loan(APR)
xP(Loan accepted given APR)

There is a key, implicit assumption we made when using this
formula — that the score coming out of logistic regression is

indeed a probability...
...this wouldn’t matter if we were ranking

4} Columbia Business School
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Is the outcome really a probability?

10
Y tosay @
T pesit stémvmsowum; ; Msa
” Loawwutvmz Ya: % AP e
90% chanee of being AcCEP
206/
3
H
g
5
Qo4
Orthata logy
AP wWith 2 go
0.2 RN 8 7% gy ”ﬂumé
aceeptedy
’ T
00!
1 2 3 4 3 3 5 . :
Rate

Module 4 | Slide 104 of 120 4- Columbia Busi

4- Columbia Business School

- Columbia Business School

Understanding calibration

Our model will assign a score to every customer — let's gather
everyone in our data who was assigned a score between 0.75

and 0.85 (for example)
076
A About 80% of those people
Ced elieen will have accepted the offer
The proportion of those
Bad calibration people who have accepted
the offer is far from 80%

076 [ ] o.
°

018

o Il

077
L]

g

g

o: =)o
ao; g'

0.0/
[
II :
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Creating a calibration curve

Addd & colun oatiel “predictions” o
the Noveis DataFravae At conERinS

— inelogisticregressionpredictions

P

df_nomis_cal = df_nomis.copy()
df_nomis_cal[ ‘predictions'] = full_logistic_reg.predict(df_nomis_cal)

model_probs = np.linspace(0.05, .95, num=10)< (0.0s, 0.15,

true_probs = [] 0.25, 0.35, |

, 0.85, 0.95]
for_prob in model_probs:
/ true_probs.append(df_nomis_cal[ (df_nomis_cal.predictions >= prob-@.85)

/ & (df_nomis_cal.predictions <= prob+9.85)].Outcome.mean())
|

\ AL

Thetrut fravtionof these

7 from our
| wmodglwas between 0,1800 0,2 vows b whitch the toan
Example: 0.15 whs Actunlly Accepted
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The calibration curve

10

N

True probability
°
Y

02 A

0.0

0.0 02 04 0.6
Model probability
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08

— Poiwts for whith wc?v‘w{’w/ttm
probability of conversion & 075
comverton average 20T l:rft’ln‘ztnmt,sa
{t's wot quite & true probability
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Calibrating a model

Our Nomis model’s calibration isn’t too bad
Sometimes, a model’s calibration will be much worse

This precludes using it in the way we’ve described in this
lecture

It would be nice to find a “converter function” that takes the
probabilities output by our model, and converts them to true
probabilities

Score that comes «
out of the logistic Conv'ert?r True probabilities
regression function

4 Columbia Business School

One example...

True probability

04 06 o8 10
Model probability
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A simple “converter function”
might just use the calibration
curve itself

For example, this calibration
curve would map a model
score of 0.4 to a true probability
of 0.38

But how should we decide how
many bins to use?

- Columbia Business School

Isotonic regression
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Isotonic regression takes a different approach to building a
“converter function”

It plots the model score (s;) on the x-axis, and the true outcome
(y;) on the y-axis

It then tries to find the increasing function that best fits these
outcomes

4~ Columbia Business School




Isotonic regression (small sample of Nomis data)

Isotonic regression

- Suppose we have N points with scores s; and true outcomes y;

10| . "
|
- For each score s;, Isotonic regression finds the best fitting “true
28 st fixting probability” z(s;) that solves
= Wwwz M
= . 2
500 m|nZ[y, —2(s;)]" such that z(s;) < z(s,,,)
° i=
g
3 081 o - z is our “converter function”
550 . « This problem can be solved using the pair-adjacent violators
. est fitt] . . 9 .
g algorithm, which I'll demo in class
o0 bt | AL {
00 02 04 os
Model Score
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Isotonic regression in Python Isotonic regression on the Nomis data
The sklearn package can carry out Isotonic regression in 10 r
Python f
import sklearn.isotonic as sk i o8
o A avamSiaadr o) LSt 7t o o1 ot e et z
= /
model_probs = np. linspace(9, 1, num=109) R 2
calibrated_probs = i_r.predict(model_probs) & /
dgure(figatzes(is, 10)) g
fos
3t ) 2
(23 £ /
o 02 V.
plt.xticks(fontsize=20) )/
pit.yticks(fontsize=20) //
sns.despine() o0
oo o2 o0a o8 o8 10
Model probability
Module 4 | Slide 117 of 120 4 Columbia Business School Module 4 | Slide 118 of 120 4 Columbia Business School

4

Columbia Business School
AT THE VERY CENTER OF BUSINESS

Nomis Solutions today

Nomis solutions today
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« Financial analytics
* Predicting stock returns
* Quantitative investment strategies

Training and Testing * Prediction performance evaluation
Models: Financial Analytics

Session 5

Professor Daniel Guetta

© 2024
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Quant investment strategies: theory vs. practice

» Theory: markets are efficient — no arbitrage opportunities
* Practice:

“Patterns of price movements are not
random. However, they’re close enough to
random so that getting some excess,
some edge out of it, is not easy and not
So obvious, thank God”

Jim Simons, Renaissance Technologies

Quantitative investment
strategies: theory versus
practice
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Quant investment strategies: background Quant investment strategies: objective
- Quantitative and data-driven methods * How can analytics capture value in the investment process?
are used in many investment strategies » Goal: make money! (...without too much risk)
- They are fundamental for systematic + Use data to predict future prices o
strategies such as statistical arbitrage, + Make trading decisions based on predictions
trend-following, etc...
« Examples of quant/systematic
managers: D.E. Shaw, Renaissance,
Citadel, Two Sigma, PDT, AQR, Cubist
(formerly SAC), Millenium/WorldQuant,
Winton, etc...
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Data

There are many data sources we might use to predict future
stock prices
* Technical data

+ Own price history

« Cross-sectional price history (eg: AAPL vs. GOOG)
* Fundamental data

« Sales, earnings, supply chain indicators, etc...
« Alternative data

» News (natural language processing, NLP)

+ Analyst ratings, sentiment, (social media)

- Satellite data

« Credit card data (eg: mint.com)
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statsmodels vs. sklearn

Three elements of Al

—
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Explain vs. predict in Python

* Most of what we’ve done so far has been about explaining
what we saw in data

« We've used a number of tools to make this happen
« Descriptive statistics
* Hypothesis tests
* p-values in regression
» We're now going to shift to a predict framework, in which we
will be using past data to train models, which we will then use
to make predictions in a process called inference
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statsmodels vs. scikitlearn

We have thus far relied on statsmodels for our modelling
efforts

The package is useful for “explain” use cases (what we might
call “traditional” statistics)

We could also use it for predict use cases, but there is another
Python package, scikit-learn (or sklearn) thatis far
better suited for these use cases

It comprises an enormous number of features — we’ll only
scratch the surface in this class
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Importing sklearn
sklearn is vast and contains many sub-packages; it is good
practice to import only those you need

The documentation is a great place to start if you want to learn
more

Let’s begin by importing the package that does linear
regression

# Import Linear models from sklearn
from sklearn import linear_model
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Re-running the UWS apartment regression

Let's re-run the UWS apartment regression
Start by loading the data

Price_per_SQFt SQFt Nb_of_Bedrooms Nb_of_Bathvooms Number_of_Rooms Fioor Doorman Gym

"

Notice that we are dropping the categorical variables

sklearn can handle categoricals, but it's a little more difficult
than with statsmodels. If we have time, we'll cover this at
the end of class
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A reminder: linear regression in statsmodels
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Linear regression in sklearn

All predictive models in sklearn begin with a model object.
Let's create a linear regression model object

linear_regression = linear_model.LinearRegression()

sklearn models don’t use formulas — instead, we have to
create a DataFrame containing the x columns only, and a Series
containing the y column only:

X = df_apt.drop(columns='Price_per_SqFt')
y = df_apt.Price_per_SqFt
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Linear regression in sklearn

We are now ready to fit the model using the x and y
DataFrames

linear_regression.fit(X, y)

LinearRegression()

Notice how — unlike in statsmodels, .fit () modifies the
model object itself; there’s no need to save anything it returns.
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Linear regression in sklearn

Once we've fit our model, we can view the intercept and the

coefficients

linear_regression. intercept_

781.5169948496335

linear_regression.coef_

array([-1.21528716e-01, 8.95421268e+01, 3.07595838e+02, -4.64018127e+01,
1.128887@8e+01, 1.62036706e+02, 1.47443000e+02])

Notice how much less convenient this is for explain use cases —
there is no . summary () in the style of statsmodels... In
predict use cases, the coefficients aren’t really the point.
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Linear regression in sklearn

If we want to, we can view the coefficients next to the variable
names; they match statsmodels exactly

pd.DataFrame({’ col_nam tercept'] + X.columns.tolist(),

“coef ear_regression.intercept_] + linear_regression.coef_.tolist()})
conamer; oo oot stder  t Pom (0025 0875
Intercept 781.516995 Intorcapt 7815170 367 00400 $83.024
SqFt  0.121528 sart

No_ot_Bedrooms.

Nb_of_Bedrooms 89542127

No_ot_Bathrooms
Number_of_Rooms -
Fioor

Doorman 1

Doorman 1 oym 1474

N o waemn o

Gym
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4 Columbia Business School

Making predictions in sklearn

Making predictions in sklearn is easy

We simply create a new matrix containing exactly the same x
columns in the same order...

...and then use .predict () on them

linear_regression.predict(X)

array([1501.55540025, 1872.73039364, 1021.76373864, ..., 1387.15311903,
1521.82008262, 1114.92896052])
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Predictions: statsmodels vs sklearn

statsmodels

linear_regression. predict(df_apt)

A statsmodels linear
regression object can make a
predicition on a DataFrame
even if
It contains extra columns over
and above those in the
training data
And even if they are not in the
same order
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sklearn

linear_regression.predict(X)

A sklearn linear regression
object can only make
predictions on a DataFrame
that has

exactly the same columns as the

training data

in the same order

- Columbia Business School

Calculating R? in sklearn

sklearn contains utility functions that allow us to measure all
kinds of metrics — for example, the R-squared

You first have to make predictions using the model, and you
can then use sklearn to compare them to the true values and
find the R?

L, we wWill use
v fehis \eiwd to refer
we mport

tn tht
_ abbreviations®
- tp sklearn packages

import sklearn.metrics as sk_m

predicted_vals = linear_regression.predict(X)
sk_m.r2_score(y, predicted_vals)

©.44926201520287845
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Logistic regression

sklearn can also handle logistic regression; let's import the
Nomis dataset, and keep only two variables for simplicity

¢f_nomis = pd.read_excel( Nonis data.xlsx’)

¢f_nomis_sub = df_nomis[['Rate’, 'Competition rate’, e*1].copy()

df_nomis_sub = df_nomis_sub.rename(columns={ " Comp: e':'Competition_rate'})
df_nomis_sub.head()

Rate Competition_rate Outcome

0 748 625 (]
1 549 565 )
2 549 565 0
3 8w 625 )
4 549 565 0
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Logistic regression in statsmodels

tmport statssodels.formula.api as saf

teoms ~ Rate + Competition_rate’, datasdf_nomis_sub).fit()

cont s z P o2 0975

Intorcept 43401
Rate

Compatiton_rate
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Logistic regression in sklearn

import sklearn.linear_model as sk_lm
logistic_reg = sk_lm.LogisticRegression(penalty="'none')

X = df_nomis_sub[['Rate’, ‘Competition_rate']]
y = df_nomis_sub.Outcome

logistic_reg.fit(X, y)

print(logistic_reg.intercept_)

print(logistic_reg.coef_) coef
[-4.3491878) Intercept 43491
[[-0.13784%47 ©.79217734]] Rate -0.4379

Competition_rate 07922
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Logistic regression in sklearn: warning 1

sk_lm. LogisticRegression(penalty="none")

By default, sk1earn adds a penalty to logistic regression
This topic goes beyond this class, and is covered in BA2

For now, suffice it to say that if you want to fit a simple logistic
regression of the kind we have described (that matches the
statsmodels regression) you must pass penalty="'none'
when you create the LogisticRegression model
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Logistic regression in sklearn: warning 2

LinearRegression.coef looks reasonable; an array/list
with one entry per coefficient

For reasons we won't get into, LogisticRegresion.coef
returns a list with one element (another list); that list contains
one entry per coefficient
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Making logistic regression predictions in sklearn

ctionwill ust 0.508

- Thisfum q iha
— s threshold; 20 ?W‘Sjm
e coore above 0.5 9E 2L
, 9, 9, 9], dtypesintes) g 17, oEhers as “0"

T This functip, returng o
lengtho listper datapai:ft
The first element gives 1,
Predicted provaygyy, ;o
Olteome il 10,
GEVeS the pregy

Coted propgpy;
Ehe outoome iy, bﬁi Ability

og.predict_proba(x)]

€0. The secony
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Logistic regression in sklearn: warning 3

logistic_reg.predict(X)

array([e, ©, ©, ..., 8, 8, 0], dtype=intsd)

- Never, ever, ever, ever, use .predict () for a classification
model, unless you know exactly what you’re doing

* The choice of 0.5 as a threshold is completely arbitrary (as
we'll see in a later lecture)

* Remove this function from your minds completely

Module 5 | Slide 31 of 82 4 Columbia Business School

Logistic regression in sklearn: warning 4

logistic_reg.predict_proba(X)

{0.76417515, 0.235824851])

* Remember that .predict proba () returns a list of lists

 You generally want to extract the second element to get the
probability the outcome is 1.
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Logistic regression in sklearn: warning 5

* Packages like sklearn and statsmodels can make all these
models seem like simple commodities

« It's easy to forget there are complex, iterative algorithms working in
the background (like gradient descent but more complicated) that fit
these models

« Like all algorithms, these can sometimes struggle
« Let’s look at an example in which two columns are of very different
magnitudes
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Logistic regression in sklearn: warning 5
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Back to financial analytics

- Let’s kick off with a simple, down to earth model
+ Consider the IBM stock as an example
+ On each day, we can calculate the stock’s return as follows
Today's adjusted close —Last trading day's adjusted close
Last trading day's adjusted close
_ Today's adjusted close B
Last trading day's adjusted close
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_ pownlonded from a fimance APt

Calculating IBM returns

, — ~ et woteboo for optionalcod

SHER the coliumn ome vow gy,

SO W'V Looking At the e
_— day'svalue Revious

the
track of the reEwrns
a3 f ed this later

day before; welkne

Keep July-Decenber 201
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Examples of patterns: momentum and reversals

o
e A\ gl
M

[\/N/kwfv

t t+1

Suppose the stock has been running up... Will it continue going
up (momentum) or start going down (reversal)?
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- Columbia Business School

Linear regression

We could start with a very simple model that predicts returns on
each day based on returns the day before

return_today = 3, + g, -return _1D + error

* What would you expect the value of 3, to be?

« How could we look at the results of this model and determine
whether we have momentum, reversal, neither or both?
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Linear regression

statsmodels. formula.a;
10 = smf.ols(’return_]
14. summary ()

n_10", datasdf_returns).fit()

No. Observations:

Ot Residuals:
Of Mode:

Covariance Type: ponrobust

coef std e t P (025 0975
Intercept 0,000 "

000

62 0871

fum 1D 01938 0088 2203 0029
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Linear regression e
oseso

0.0000

-0.0025 |

Predicted return

From predictions to trades

~0.0050 |
~0.0075
~0.0100

-004a  -002 000 002 004
True return
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A simple trading strategy

« Every night, close out your position
* Then, observe the previous day’s return
« Predict the next day’s return

- If we predict a positive return, buy the stock (go long)
- If we predict a negative return, sell the stock (go short)

« (This, of course, ignores any tax/transaction fee implications,
but it'll serve as a first model)
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A simple strategy A simple strategy in Python

previous day's YEM

= -0.0002 + 0.1938 x oSG S T thus far” % (1 + this
Eaual o aoty g return ify, day’s stratedy vekwrn) import numpy as np
" went Lo, 2 &
¢ Pt NG, and
BUY »{tne}mdwm{ vg ok 0 s the . '1=1i i
s positive, sell otherwise “’Z“et“”“fweshmm df_returns['pred_return_today'] = linear_1d.predict(df_returns)

df_returns['decision_last_night'] = np.sign(df_returns.pred_return_today)
df_returns['strategy_return'] = 1 + (df_returns.return_today * df_returns.decision_last_night)
df_returns['cumulative_return'] = df_returns.strategy_return.cumprod()

) De n df_returns.head(3)
Yesterday’s | Predicted Actual Strategy Return thus
made last
return return today A return today return 14
night Date return_today return_1D pred_return_today decision_last_night strategy_return

cumulative_return

7122012 2.18% 0.41% Long 0.13% 0.13% 1.0013 252 20120702 0001278 0.021839 0004082 10 1.001278 1.001278
7/3/2012 0.13% 0.01% Long 0.05% 0.05% 1.0018 253 201207.08 0000511 0.001278 0000097 10 1.000511 1.001790
7/5/2012 0.05% -0.01% Short -0.32% 0.32% 1.0051 254 201207.05  -0.003267 0.000511 -0.000052 410 1.003267 1.005062
7/6/2012 —0.32% —0.08% Short -1.99% 1.99% 1.0250
7/9/2012 -1.99% —0.40% Short -0.91% 0.91% 1.0343
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Total return after 6 months...

df_returns.tail(3)

Date return_today retum_1D pred_return_today decision_last_night strategy_return cumulative_return

373 20121226 -0.002338 -0.005274 0.001173 -10 1.002339 1.228383

374 20121227 0.003960 -0.002339 -0.000604 1.0 0.996040 1223519

375 20121228 -0.014945  0.003960 0.000617 1.0 0.985055 1.205233
s
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Total return after 6 months

1 variable strategy
1.20 Holding IBM
|
115 s 5
€110 . / X
2 Mna A
]
<
1.05 (
1.00
0.95

2012-07 2012-08 2012-09 2012-10 2012-11 2012-12 2013-01
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How does a bad model do so well?

0.0015 |
0.0010{
0.0005 {

0.0000 ¢

ted Returns

Actual Returns

—0.0005 {

—0.0010

—-0.0015 |
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Using 14 variables
e o reemitoiy

4#_returns_14
-

Joshife(2))

Lagged_cols =

14039,

%30,

for <ol in lagge
¢ _returns_1

« ( 4f _returns_13.return_todsy
rolling(lagged_cols(col])
mean()
shife(1) )

]

4f_returns_14 « 8f_retorns_14[['Oate’, ‘ret

for col in lagged_cols]]
¢ _returns 18 = df_returns_18[(df_; )
s

4f_returns_14.hesd(2)

Date. rotum_today retum 10 return_30 feturm_TW retun_2W rotum 3W retum_TM feturm EW return 2M fete

m %

204 00007 00ON0 OIS DOOT O

o000 0
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Using 14 variables

X = df_returns_14.drop(columnss[ ‘Date’,
¥ = df_returns_14.return_today

import sklearn.linear_mod

Linear_144 = sk_ln.Lin
r 144, fit (X, y)

rRegression()

14

LinearRegression()

linear_14d.predict(X)
np.31gn(d¢_returns_14.pred_return_today)
+ (df_raturns_14. ceturn_today
¢_returns_14.decision_last_night)
= df_returns_1a_strategy_return.cusprod()

M retum S roturn_6M

tum_SM  return_1Y peed_return_todsy  decision_last_night  strategy_retum  cumulative_retum

43 0000084 0000238 000

200137

s 40

153802

7 o006 0
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Using 14 variables

—— 1 variable strategy ~
15 Holding IBM A
< oy
—— 14 variable strategy e e
14
€ 13
2
£12
11
1.0

2012-07 2012-08 2012-09 2012-10 2012-11 2012-12 2013-01
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How does our strategy
perform over the next 6
months?

The next 6 months...
First, prepare the data without removing any dates

d_returns_all = df_ibm.copy()
df_returns_all['return_today'] = (df_returns_all['Adj Close'}/
df_returns_all['Adj Close'].shift(1)) - 1

201287, '3W'1307,
30, '3M':3%30, '4M':4%30,
:6%30, 'OM':9%30, '1Y':365)

for col in lagged_cols:
df_returns_all[f'return_{col}'] = ( df_returns_sll.return_today
.rolling(lagged_cols[col])
.mean()
.shift(1) )

df_returns_all = df_returns_all[['Date’, 'return_today']
[f'return_{col}" for col in lagged_cols]]

The next 6 months...
Create the model as we did on July 2012 — December 2012

df_returns_early = df_returns_all[(df_returns_all.Date >= '2012-67-62')
& (df_returns_all.Date <= '2012-12-31')].copy()
X_1_lvar = df_returns_early[[‘return_10']]
df_returns_early[[f'return_{i}" for i in lagged_cols]]
df_returns_early.return_today

1m_1 = sk_lm.LinearRegression().fit(X_1_1lvar, y_1)
1m_14 = sk_Im.LinearRegression().fit(X_1_l4var, y_1)
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1.20 -
Run the strategy on the next 6 months —— 1 variable strategy
3 \ A
115 Holding IBM f\/\/\/\/\r[\/\(\
df_returns_late = df_returns_all[(df_returns_all.Date >= '2013-81-01') . N J
& (df_returns_sll.Date <= '2013-26-38')).copy() 14 variable strategy gl \1
X_2_ivar = df_returns_late[['return_10']] 1.10 % 3y A
e[ [£'return_{i}’ for i in lagged_cols]] \[ » A
ate.return_today R N\ iy
£1.05 W A )
df_returns_late[ 'pred_return_today_1'] = lm_1.predict(X_2_ivar) 2 "
df_returns_late['pred_return_today_14'] = lm_14.predict(X_2_idvar) g
< 1.00
df_returns_late['decision_last_night_1'] = np.sign(df_returns_late.pred_return_today_1)
df_returns_late[ 'decision_last_night_14'] = np.sign(df_returns_late.pred_return_todsy_14)
0.95
df_returns_late[ 'strategy_return_1'] = 1 + (df_returns_late.return_today
* 6f_returns_late.decision_last_night_1)
df_returns_late['strategy_return_14'] = 1 + (df_returns_late.return_today 0.90
* df_returns_late.decision_last_night_14) " 4
¢ _returns_late['cunulative_return_1'] = df_returns_late.strategy_return_1.cumprod() 0.85 \

df_returns_late[cunulative_return_14'] = df_returns_late. strategy_return_14. cumprod()
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Performance evaluation:
train versus test sets

4- Columbia Business School
Example Two potential models
14| . o > Model 1
121
ol y=2.00 +1.39x
£ o .
8 o Model 2
“ y = —5506.49 + 6892.44x — 3315.93x2
| +799.61x3 — 103.25x* + 6.83x5 — 0.18x6
00 2 4 6 8 10
Advertising Spend
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More variables = better fit = better predictions?

| | / -4
14| ’ - )|

|
\—/ R?=0.665

12

q

n

7
-
°

]

@ 81 .

g |

3 ° | .
4 \
2| | | One variable

Six variables

00 2 8 10

a4 6
Advertising Spend
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“Out of sample” performance

We divide the data into two sets
+ Atraining set, used to fit the model

- Atest set, used to assess the quality of the model's
predictions — this is called the “out of sample” performance

Training set
Test set
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Prediction error vs. model complexity

___— Training set
_—

Test set

Model Performance

Low Model Complexity High
(number of variables)
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Training/testing financial
strategies

Training/testing financial strategies

6 months to fit a regression equation, use the model to trade in the next 6
months; update the' model every 6 months and repeat

6 months
t t t t t } } } } } } }
Train  Test
Train  Test
Train  Test
Train  Test
Train  Test
Train  Test
Train  Test
Train  Test
Train  Test
Train  Test
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Sequentially training a model The results
for i in range(len(intervals) 1)
th; (i1 Y
11| " \
o1 AL U
ement[(¢#_implement.Date >= this_interval[e]) 1.0} k) T AR A 8 74 ¥ =
& (df_implenent.Date <= this_interval{1])] W | ),\,J | "¢ ’ I Mo A N \
0.9 UL VAI VA \"Q# 'T \l "%
X_tvar = df_train{[ n \ W : \ W)
X_14var = df_teain([f _{1}" for & in lagged_cols]] Y W Al W'l !
y o turn_today co8|
E | AV /
1a1 « sk in.LinearRegression(). Ft(X avar, ¥) g WY
In 14 = s fon(). F1E(X_18var, y) 071 W ) \
st rous = (. (4# daplamant Date’ 35 mast Artacvi1(8]) 06/ \W NfJ\\_,f\. JV‘ MM
& (¢f_implement.Date <= next_intervai{1]) ) Y L " W
. 05| — 1 variable strategy \eg A ‘
df_predict = df_implement(next_interval_rows] g Holding IBM V \ ~
4f_taplemsnt. Joc{naxt_intervalrou adey A=t il 14 variable strategy WA
1s_1.predict(df predict([ g b G o - - - ’- + -
) 2012 2013 2014 2015 2016 2017 2018 2019 2020
df_implement. Joc[next_! ed_return_today_14'] = (
1m_14.predict(ef_predict([ {i}* for & in lagged_cols])))
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Where to go from here

* We can get more power by using 50 stocks instead of just 1
« Every day, predict the returns for the 50 stocks
+ Buy those with the top 5 predicted returns, short those with the
bottom 5 predicted returns (this is a “neutral” portfolio)
* However complex the strategy, we need a principled test/train
approach to make sure we’re not overfitting
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A R Methods for creating train/test sets

« This lecture has dealt with a very specific kind of time series
data, in which we can create train/test sets chronologically

« In other non-time series cases, it makes more sense to split
training and test sets randomly

* sklearn has functions to make this happen — let’s look at an

Miscellaneous th example on the Nomis data

import sklearn.model_selection as sk_ms
df_train, df_test = sk_ms.train_test_split(df_nomis, train_size=e.8, random_state=123)

ifyou providea random
ovidethe same randon
our sbmulation Lectiure

< ave SpUit yandomly), but
the saue every thme gou pr
this in far greater detailin

Tratn and test set:
<tate, the splitwill b¢
seate; we will diseuss
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Methods for creating train/test sets

a Compete oone S P

o ouame haw St
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Methods for creating train/test sets
- In practice, a technique called K-fold cross validation is used to
achieve the train/test effect without “wasting” data

« This technique goes beyond what we’ll discuss in this class,
but is covered in BA2
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Picking models using the train/test strategy
* We have been using train/test sets to test our 1 variable
strategy against a 14 variable strategy

« What happens if we do this with thousands of different
models...

*...we end up overfitting to the test set
* The solution is to create a separate validation set
= We discuss this in more detail in BA2
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Readmissions at the Tahoe
healthcare system

This Module

* The challenge of readmissions reduction at Tahoe Healthcare
« Classification: predicting an outcome

» Performance of a classifier (“R? for 0/1 outcomes”)

» Economic tradeoffs in classification

- Columbia Business School

- Columbia Business School

Hospital Readmissions

New England Journal of Medicine Study (2009)

« Approximately 20% of hospitalized Medicare
patients are readmitted within 30 days; 34% are
readmitted within 90 days

. E_Islt_imated cost to the US healthcare system: $17
illion

2010 Affordable Care Act established a Hospital Readmissions Reduction
Program (HRRP)

« Medicare payments to hospitals are reduced for excess readmissions

« Three conditions: acute myocardial infraction (AMI), heart failure (HF),
and pneumonia

- Based on 30-day, risk-adjusted readmissions rate
« 3-year rolling horizon measure

itps: /v cms gov/MedicareMedicare.Fee-for-Service-
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»

Medicare readmissions stats

Data.Medicare.gov Q
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Tahoe Healthcare System

+ Case study uses real, but anonymized data
 Operates 14 hospitals in the Pacific Northwest

+ 18% of total revenues are from Medicare reimbursement for
the three HRRP conditions

- Management is concerned about the impact of the new HRRP
rules on reimbursement revenues
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Interventions to reduce readmissions

* During hospitalization
« Tailored patient care
+ Communication with PCP, family and home care
- Patient education
* At discharge
- Discharge planning
- Patient/caregiver education
« Transition coaching
+ Schedule and prepare follow-up appointments
« Post-discharge
* Home nursing visits
 Phone follow-up checks
« Tele-health monitoring
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CareTracker

- Tahoe has been working with a variety of interventions to try
and reduce readmissions

- CareTracker, a new program the clinical staff has piloted with
AMI patients has proved effective at reducing readmissions
through a combination of patient education and post-discharge
monitoring

- Cost/patient: $1,200
 Reduces readmission risk by 40%
- Reimbursement penalty per reamidission: $8,000
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Data on past patients

Tahoe has provided data on past patients that did not receive
the CareTracker intervention. We can load it into Python

was the patisat pomitted Was the patisnt advitted through
during flu season the emergency depariment How wnwell the patient is
with the condition they were
import pandas as pd woluitted for
f_tahoe = pd.read_
df_tahoe.head() Howupwetl the patient ts
with conditions related to the
age female flu_season ed_admit severity score comorbidity score readmit30 owe they were pdwitted for
0100 1 1 1 B 2 o
18 0 1 s 108 1
S " 7 . 7 = 3 quhinisf t?;)z:tw;wns
re-qolmitted within 30 days
3, 88 9 1 ! 2. E . of discharge, o otherwise
4 6 1 ' 0
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Initial analysis

currancy_forast « lasbda x 1 (1,36} format(x)

Protier data

Status quo
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The cost matrix approach

The cost matrix

We can calculate these numbers more systematically using a

cost matrix ’
what we choseto do - did we

——— givethe patlent CareTrACRer

Treatment @) or ot (0)
| O !
/% 0 $0 $1,200
3 1 $8,000 $6,000
e absenceof

what would haveh
treatment - would Ehey
(1) or wot (0). Thists Wl

have gattevwmdeitted
nat we observe bn our Aata

Why $6,000?

If someone would have been re-admitted but we give them
CareTracker, their probability of being re-admitted drops to 0.6,
and so their expected penalty is

$8,000 x 0.6 = $4,800

Of course, we also need to pay $1,200 to give them
CareTracker, which results in a total cost of

$4,800 + $1,200 = $6,000
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Basic scenarios Basic scenarios
Treatment
z ot etrem( i, 1301 w003
0 1
Status quo —no 20 3,384 0
CareTracker for anyone 8
3 1 998 0
Treatment
0 1
Use CareTracker for
everyone § 0 0 3,384
31 0 998 G
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Perfect predictions

Module 6 | Slide 22 of 105

Outcome

Suppose we had perfect foresight, and
could apply CareTracker only to patients
we knew would be readmitted...

Treatment
0 1
3,384 0
0 998

4 Columbia Business School

Perfect predictions

best_case = pd.DataFrame([[(1-df_tahoe.readmit30).sum(), ],[@, df_tahoe.readmit3e.sum()]])

currency_format ((cost_matrix*best_case).sum().sum())

'$5,988,000.00"

With perfect foresight, we would go from a status quo of
$7,984,000 to a perfect cost of $5,988,000, that is a potential

saving of
$1,996,000
This provides a benchmark for evaluating future improvements.
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A first classifier

A first classifier

The severity score seems like a likely candidate...

print('Re-admitted patients’)
print(df_tahoe[df_tahoe.readmit30 == 1]['severity score’].mean())
print(df_tahoe[df_tahoe.readmit30 == 1][ severity score'].std())

Re-admitted patients

30.672344689378757
20.579026841682253

print('NON re-admitted patients')
print(df_tahoe[df_tahoe.readmit30 == 8]['severity score'].mean())
print(df_tahoe[df_tahoe.readnit3e == 8]['severity score'].std())
NON re-admitted patients

19.89982269503546

16.388526875595662

Maybe we should only give CareTracker to patients that have a
high severity score when they are discharged?
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Performance of a classifier

Evaluating the performance of a classifier

1] s e e e
3
£
£
3
&
L ———— e
[ 20 60 80 100
Severity Score
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Suppose we pick a threshold of S" = 25.5

False negatives
people who negded 1
caveTracker to whowm

we didwt give it \/ '\Tme positives

People Who needed
caveTracker, and £ whowm
: we gave it
£
3
didwnt neel : False positives
L't nee
True negatives Fasepoie th .
peoplewhodife SRl T careTyacker to Who!
careTracker, and €0 e s eed
whove we didw give it N

Severity Score
25.5
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Suppose we pick a threshold of S" = 25.5

true_positives = ((df_tahoe['severity score'] »>= 25.5) & (df_tahoe.readmit3e == 1)).sum()
true_positives

546

false_negatives = ((df_tahoe['severity score'] < 25.5) & (df_tahoe.readmit3e == 1)).sum()
false_negatives

452

false_positives = ((df_tahoe['severity score'] >= 25.5) & (df_tahoe.readmit3e == 8)).sum()
false_positives

1e41

true_negatives = ((df_tahoe['severity score'] < 25.5) & (df_tahoe.readmit3e == @)).sum()
true_negatives

2343
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The confusion matrix

The confusion matrix summarizes these four kinds of outcomes

The confusion matrix in Python

e 8
from a classification P
Treatment .
gniere, Longth: 4182,
0 1 K-
True False Totl won-re-adtwnits G import sklearn.metrics as sk_m
o 0 A confusion_matrix = sk_m.confusion_matrix(df_tahoe.readmit3@, df_tahoe['severity score'] >= 25.5)
§ negative positive we i’ have CT) confusion_matrix e =
array([[2343, 1041],
g 1 False True Tatanuﬁuus(t{w; [ 452, 546]], dtype=int64)
: g 7 ddwt haveCT)
negative positive iy K —
T o \
J 2 §° : ossico
Total non- Toti 3 False
caveTracker careTracker negative
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Error rates Error rates
Treatment
0 L Faos
egat positive
H Faise e total_error_rate = (confusion_matrix[@,1] + confusion_matrix[1,0])/len(df_tahoe)
1 i total_error_rate
negative _ Z

How likely are we to make an error of some type?
# False positives + #False negatives
Total number of outcomes

Total error rate =

How likely are we to misclassify a negative as a positive? Falsepositives +
# False positives true negatives

False positive rate = -
Total number of actual negatives

How likely are we to correctly classify an observation as positive? ralsenegatives
Algo called the

" # True positives truepositives
. . — True positive rate = - (_/
sensitivity p Total number of actual positives
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©.3407120036513008
false_positive_rate = confusion_matrix[@,1]/(confusion_matrix[@,1] + confusion_matrix[e,e])
false_positive_rate
©.3076241134751773
true_positive_rate = confusion_matrix[1,1]/(confusion_matrix[1,8] + confusion_matrix[1,1])
true_positive_rate

©.5470941883767535
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Moving the threshold from 25.5 to 50.5

T

Moving the threshold from 25.5 to 50.5

Re-admitted

g E
0 & 0 0 0

%
Stjery Soore
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Error rates

import sklearn.
confusion_matri
confusion_ma

trics as sk_m

sk_m.confusion_matrix(df_tahoe.readmit30, df tahoe['severity score'] >= 50.5)
array([[31%, 134],

{ 826, 172]], dtypesintsa)

total_error_rate = (confusion_matrix[e,1] + confusion_matrix[1,8])/len(df_tahoe)
total_error_rate

©0.2327704244637152
false_positive_rate = confusion_matrix[e,1]/(confusion_matrix[@,1] + confusion_matrix[0,0])
false_positive_rate

©.057328605200945626 «<—___

true_positive_rate = confusion_matrix(1,1]/(confusion_matrix[1,8] + confusion_matrix[1,1])
true_positive_rate

was 0.547
©.17234468937875752 <
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The tradeoff for every threshold

The ROC curve
Scikit-learn allows us to calculate the FPR and TPR for every The ROC curve plots
possible threshold of the score

the TPR against the FPR for every
threshold -

The scorewe're

T .
he true Outeom, ﬁ f using

__— Thresholdtofo

10
fpr, tpr, thresh = sk_m.roc_curve(df_tahoe.readmit3@, df_tahoe['severity score']) o’
_— Thresholst
Buery threshold of the score ofass
The true posiiive ratefor every threshold TR BN
P forevery the first prgument;
. dowt swikoh them Threshold of 0z
“Fhe false positive rate-for every thveshold 142 i — Threshold
of s0.5
oo
G 02 04 06 08 10
faise posiive rate
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Calculating classification cost

The benefit of the confusion matrix is that it can directly be
multiplied by the confusion matrix to find the cost of

classification
Cost

452 546

Economic tradeoffs in =
classification . Tt
0 1 \ 0 1
171 e | o x go| so  s1200
o [ R s 1| s8oo0  $6,000
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Cost with a threshold of 25.5 Cost with a threshold of 50.5
Treatment radenat Treatment Tosdemant
" 5 | o 1 ; 5 |0 1
ET' 2343 1,041 x g0 $0 $1,200 2 1| 3190 194 x § 0 $0 $1,200
g 31 $8000  $6,000 § ol ‘&sa 17 3 1| s8000 $6,000

currency_format ((sk_m.confusion_matrix(df_tahoe.readmit3o,
df_tahoe[ 'severity score'] >= 25.5)

*cost_matrix).sun().sun())
'$8,141,200.00"

“Only” $157,200 worse than status-quo
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currency_format ((sk_m.confusion_matrix(df_tahoe.readmit3e,
df_tahoe[ 'severity score'] >= 50.5)
*cost_matrix).sum().sum())

'$7,872,800.00"

$111,200 better than status-quo... Yay!

“4- Columbia Business School
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Trying every threshold Trying every threshold

8.3
costs = []
.82
for t in thresh: s
costs. append((sk_m.confusion_matrix(df_tahoe.readmit3e, @
df_tahoe['severity score'] >= t) ~ 8.1
*cost_matrix).sum().sum()) i
o
plt.figure(figsize=(10, 5)) o
plt.plot(thresh, costs) T 8.0
plt.ylim([7.8%10%*6, 8.3*10%%6]) e
plt.xlabel('Threshold', fontsize=20) (]
plt.ylabel('Total Cost ($M)', fontsize=20) 7.9
plt.xticks(fontsi
plt.yticks(fontsiz
sns.despine() 7.8
0 20 40 60 80 100
Threshold
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Picking the best threshold

print(currency_format(min(costs)))
print(currency_format((cost_matrix*status_quo).sum().sum() - min(costs)))
print(thresh[costs.index(min(costs))])

$7,847,290.00
$136,800| 00

42
Flnd the smallest oSt
lest
Find the position of the swmall
costin the cOSTS veckor
Lal at thot
{wal the threshol .
F;ZLtww thatled tothe Lowest 0!
P .,
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Training/test sets
It doesn’t seem like we've “trained” a model, but in fact we
have
Picking the threshold of 42 is — in itself — a form of “training”

It could be that this choice is “overfitting” to the data, and so in
theory we should check the benefit of using this threshold on a
test set

That said, the model is so simple that it's really quite unlikely

We will nevertheless shortly see what the test set performance
looks like
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Using more complex
classifiers

Logistic regression
« Severity is only one of the variables that could be used to carry
out this classification
- But there are others — could we use all of them together?

- That is exactly what logistic regression allows us to do, by
fitting the following model

P(Re-admit)=—=XPW) ___e
1+exp(w) 1+e”
with w = g, + j,-age + §3, - female + g, - flu_season
+f3, -ed _admit + 3 - severity + j; - comorbidity
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Logistic regression (training set)

ioport sklearn.linear_mocel as sk_la
import sklearn.model_selects:

X_cols = of_tance.colusasdf_tanoe.colusns |

df_train, df_test = sk_ms.train_test_split(df_tahoe
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Making predictions in the training and test set

A

Do wot use
.predict

~copy()

4f_train('1
4 _tes[

« [i[1] for i in lr.predict_proba(df_train[X_cols])]
‘1= [511] for i in 1r.predict_proba(df_test(X_cols])]

df_train.head(2)

age female flu_season ed_admit severfty score comorbidily score readmitd0 Ir_score
402 7 1 1 1 "

150 1 0422482
352 80 0

of_test.head(2)

age female flu_season ed_admit severity score comorbidity score resdmitd0 r_score
4013 &2 [ ] 1 18

st o7 [ 0 1 2
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Picking a threshold for logistic regression

NG or o e e D

AlL based ow the
ralning Set

Re-admitted

o Q -
00 02
Logistic regression score

0.25
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Financial impact of logistic regression

Treatment
Treatment
; 5 o 1
1,798 560 x 5 0 $0 %1200
3
e 4 S 1 $8000 $6,000

currency_format((sk_m.confusion_matrix(df_train.readmit3e,

'$5,422,000.00"
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df_train.1r_score >= 8.25)
*cost_matrix).sum().sum())

4~ Columbia Business School

thvesholds,
conding over

Trying every threshold

Find allthe posstble

/’/ and sort them i A4S

.unique().tolist())
ique() . todist())

costs_sevarity = []
costs_logistic « []

thresh_sevarity » Sorted(df_t
thresh_logistic = sorted(df_tra:

for t in thresh_severity
costs_severity.append((sk_m. confusion_matrix(df_train.readnit3s,
f_train["sevarity score'] 5= t)

*cost_matrix).sua().sum()) :

for t 4n thresh_logistic:
costs_logistic.append((sk_m.confusion_matrix(df_train.readnit3e,
df_train.1r_score >» t)
*cost_matrix).sun().sun())

cptimal_threshold_sevarity = thrash_severity(np.argnin(costs_severity)]
print(optinal_threshold_severity)
s

1_threshold_logistic = thresh_logistic[np.argmin(costs_logistic)]
(optimal_threshold_logistic)

.37165675215126787
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Performance on the test set

i39). sun(), 31,

Status_auo_test = (od.DutaFrase([](1-4¢_test.r
{8f_teit sun(), 011

parfact_class,

sevarkty_test « (sh_m.confusion_matrix(df_test.r
o vese] severity scere
*cort_awtrd) sun() .00

loglatic_test = (sk_m.confusion_matrix(d%
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The Area Under the Curve
(AUC)




Back to the ROC curve

We can construct ROC curves using the test data

Back to the ROC curve

We can construct ROC curves using the test data

Thresholdof 0
fpr_severity, tpr_severity, _ = sk_m.roc_curve(df_test.readmit3@, df_test['severity score']) 19 f”e;‘"‘]"“;""
fpr_logistic, tpr_logistic, _ = sk_m.roc_curve(df_test.readmit3@, df_test.lr_score) e cbimonod
08
plt.figure(figsize=(10, 10))
g
plt.plot(fpr_severity,tpr_severity) £o6
plt.plot(fpr_logistic,tpr_logistic) s
plt.xlabel('False positive rate', fontsize=20) §04
plt.ylabel('True positive rate', fontsize=20) E
plt.legend(['Severity classifier’, 'Logistic classifier’], fontsize=2e) Thresholdof 1
plt.xticks(fontsize=2 02
plt.yticks(fontsiz
f
sns.despine() 00
0.0 02 04 06 08 10
Faise positive rate
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10| Severity classifier
Logistic classifier B
08|
2
o6
@
H
i
3
4
E 04
0.2
/
0.0
00 02 04 06 08 10
False positive rate
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The Area Under the Curve (AUC)

1.0{ — Severity classifier
Logistic classifier

08|
wrveis @ WAy
g e aves .Mmevw\jofg:, of the wodel
Sos| the “goodn
easure

g £0 e
3
g
v04
3
g

02

0.0f

oo 02 08 10

0. X
False positive rate
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The AUC in Python

sk_m.roc_auc_score(df_test.readmit3e, df_test['severity score'])

©.6585692412499915

sk_m.roc_auc_score(df_test.readmit3e, df_test.lr_score)

©.7948157591209859

Module 6 | Slide 72 of 105

“4- Columbia Business School




A “random score” model

* The worst imaginable model just assigns a random score
between 0 and 1 to every data point

« What would the ROC curve look like for such a model?

» Suppose we set the threshold at 0.5

« Half the true positives will be classified as positive, half the true
negatives will be classified as negative
- SoFPR=TPR=0.5

+ Suppose we set the threshold at 0.7
©FPR=TPR=0.3

- etc...
4} Columbia Business School Module 6 | Slide 74 of 105 {,,cmmmw
A “random score” model A model done wrong e
— - /_ SCOYE L

10| Severity classifier
Logistic classifier

=05t
e andone vodel— AUC = O t

i AUC < ovs,tmposit’we and
j "
) wegutwmbcwavumst loee

g ‘ '
£ nverted
¢ |
2 &/
2
4 04|
3
g

02{ /

oof !

N 02 04 o - -
False positive rate
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L9 Severity classifier
Logistic classifier

g
3
o4 /
h
3
H

00 02 04 06 08 10
False positive rate
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Understanding the AUC
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A simple example...

A simple example...

=
e}

=]
la~]

False positive rate

0.62

=

=

0.12

False positive rate

o E .
e e TP 4
.g OHE - .g PR= Actual P =Z=1
@ ® FP 3
8' 0.75 8' - Actual N =§=
[) [)
=] =]
: :
False positive rate - False positive rate
Module 6 | Slide 79 uHOS Q:me Module 6 | Slide 80 011\] {rcmm&dmsam'
A simple example... A simple example...
Reacm. SNV 095
Readm. [ENRES o 078 o
® ®
= P 4 - = P 4
o = =—= o S
- = PR Actual P 4 ! OH6 - = PR Actual P 4 !
? FP 2 ? FP 1
g PR ctain 306 0.75 2 R~ otwain 3~ 03°
[) ()
=] =]
c 065 g
[EP) : :
False positive rate False positive rate
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A simple example... A simple example...
8 . E :
o7e [l 2 s o7e [l o w
= PR = =2-075 = . TPR= =£-05
o @1 ool 1 i
] PR=———=-=0.33 (] PR=————=-=0.33
= ActualN 3 = ActualN 3
BN = [FN] F
(TN

Not
*read,
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A simple example...

A simple example...

=}
Z,

=]
Z

False positive rate

%

I 0 I o
0.76 B . 0.76 2 ™1
= . PR=———=2-05 3 . PR=———5=,=025
o W1 oW1
el “ActaiN 3 el “ActialN 3
G I
: :
False positive rate False positive rate
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A simple example... A simple example...
Readm. 0.95 R
Readm. 0.78 @ @
© 0 s
TN [ )
2 prRo_ TP _0_, 2
- § ° T ActualP 4 gyz'i
FP 0
[) =  _=—= ()
2 FPR ActualN 3 2 .
I :
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False positive rate
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The AUC

True positive rate
NS

%

AUC=[ZX1J+(1X1J=§=0.83
31)"3%2)76

False positive rate
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The AUC
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The AUC

0.75 i

065
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TheAUC [ 3 X 0
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The AUC [ 6 X 2
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075 X
065 [ - X
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The AUC [ 8 X
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0.65 “«
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The AUC [ 10 X 2

095 B3

07s BB
076
075 3

065 ‘Readm.
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N7

M il

0.62

0.12
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The AUC [ 10 X 2

M 10 a..
M*ZI = 12 =0.83=AUC

A mathematical explanation

Define the following notation

* Let X, be a random variable denoting the model score of a re-
admitted patient and X, be a random variable denoting the
model score of a non-readmitted patient (p.d.f.s f; and f;)

« Let TPR(T) and FPR(T) be the true positive rate and false
positive rate when the threshold is T. Convince yourself that

. imilar
TPR(T)=P(X, 2T) = [ I, .rf(x) dx ST
T cxwess'wvus,wz’ve wmtwuamsms
FPRT)=P(X, 2 °f, ey differesiy for
( ): ( o T) : L O(y) dy hatwill become olbviou
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A mathematical explanation A geometric explanation
AUC = [ “TPR(T) dFPR(T) o
otboe we're 3063 fvum ) - s
growinssinfirity = [ TTPR(T) = FPR(T) dT ,
infuniy o S B L (T} 7 FPR(T) From .
(w":,i:::mtwushow deorensts - d Frevious et
if:wg move wp Ehe curve =_[ P(X,2T) EP(XD >T)dT Sline o
R ;
L[ o] e
probabilicy the s;avc
o [ '
) o @ ve-admitee
wr [ U lper i) dx} f(T)dT \;mm e
o [ po the scovefor @ Vl:DV‘«; Nuwnadmm&: |
: | o d cnwwmm - atients, L OYOEr O’
-Ln [J.-K : ‘( ) O(y) y Business School .Ewavmsiv\@ model
= FPR soort
= I@I@I(xzy}ﬁ(x)ﬁ)(y) dx dy = P(X, > X,)
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abovethe rROC

A geometric explanation
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A geometric explanation
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Verifying the probabilistic interpretation

sk_m.roc_auc_score(df_test.readmit30, df_test.lr_score)
©.7948157591209859

outcomes = df_test.readmit3@.tolist()
scores = df_test.lr_score.tolist()

n_correct = @
n_wrong =

for i in range(len(outcomes)):
for j in range(i+1, len(outcomes)):
if outcomes[i] != outcomes[j]:
if np.sign(outcomes[i] - outcomes[j]) == np.sign(scores[i] - scores[j]):
n_correct += 1
else:
n_wrong += 1

print(n_correct/(n_correct+n_wrong))

©.7948157591209859
“4- Columbia Business School
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AT THE VERY CENTER OF BUSINESS

Introduction — value-added
teacher evaluations in New
York City

This Module

* Harnessing your competitive instincts
* Identifying skill versus luck

+ Shrinkage estimators to predict future performance

“4- Columbia Business School

Value-added teacher evaluations in New York City

M Basedon .. A
hers to Be Measured i
?t:;e;rts’ Standardized Test Scores

By Jennifer Medina
01,2008

“To avoid a contentious fight with the teachers’ union, the New
York City Department of Education has agreed not to make
public the reports... ‘They won'’t be used in tenure
determinations or the annual rating process’”

Module 7 | Slide 4 of 39 4 Columbia Business School

Despite the best intentions...

added

" . (D -
NYC releases teachers’ value
scores — unfortunately

By Valerie Strauss
February 24, 2012

ros— AIGIOAVXYR_bi
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One issue with these scores...

21008 01036007

°;mnw‘°’°‘°"’"”m
20082009 Score

Each point is one teacher; the correlation is 0.35. These scores
seem to be the result of luck as much as the teacher’s intrinsic skill.

Source: Gary Rubinstein

“4- Columbia Business School
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Skills vs. luck

performance = sKkill + luck
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Luck-skill continuum
C B 0@ . 0O

Where would you place these games on the luck-skill

continuum? And why?
® . @Cs @ 9

Luck Skill
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CBS Skee Ball: rules

https://bit.ly/cbs skeeball

* Agame is 3 tosses

« Click on the ball and drag it
upwards. Let go to toss

- If you have a touch screen, use
the touch screen (not the
mouse)

« Each toss can score up to 50
points if the ball goes into a
hole

+ Goal: score as many points as
possible

- Note: reload the page to play
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Skill vs. luck in sports
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CBS Skee Ball
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May the best procrastinator win
* Load this form: https://bit.ly/cbs skeeball form;
each person should submit the form

« Every person should play two games, each comprising three
tosses (so 6 tosses total per person)

« For those on zoom: the first person should share their screen
and play the game in front of everyone else. Then the next
person goes. For those in person: same thing, in person

+ Submit the form after your two games
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Reversion to the mean

Suppose the average class performance in the game is 30
Suppose someone plays once and gets a score of 150
How will they perform next time they play the game?

If the game is mostly luck... If the game is mostly skill...
+ A big chunk of the 150 is coming » Only a small chunk of the 150 is
from luck coming from luck
« It could be that the skill was 150 « It's unlikely this small chunk of
and the luck happened to be 0 luck would have pushed the
- But 150 is very unlikely... it’'s far score all the way up to 150
more likely luck is what pushed = 150 is likely more reflective of the
the score so high true underlying skill level
So the score in the second gameis  So the score in the second game is
likely to be much lower — to revert likely to be closer — less reversion
to the mean. to the mean.
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Shrinkage estimators and mean reversion
We're going to use a number ¢ (between 0 and 1) to denote how
much skill there is in a game. The higher ¢, the more sKill...

Game 2 performance = skill + luck
Game 2 performance = ¢ x (Game 1 score) + (1 —c) x (Game 1 average)

Shrinkage coefficient ¢
« Weight on the past outcome in the prediction

* The prediction shrinks from the past outcome to the population
average

« If ¢ =1, the game is all skill. If ¢ = 0, the game is all luck
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Reversion to the mean

Shrinkage estimators




One way to find the shrinkage coefficient ¢

Someluck ~ bebow average seores ewdl up

Wigher, Rbove rverage scores endt up Lower
Allskill - no \

reversionto the mean

N </

camenaverage

Game 2
Game 2

Hongnn v
Hongnn v

Game 1 Game 1
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A better way to find c

Suppose the game 1 average is 4. First, try c = 0.4
Game 2 score = (0.4 x Game 1 score) + (0.6 x Game 1 average)
= (0.4 x Game 1 score) + (0.6 x 4)

RN

1 5 7 4.4 —2.6

2 10 6 6.4 0.4

N 1 4 28 12
Try every possible value of the shrinkage estimator c until you

find the one that minimizes the mean squared error.
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Slope and shrinkage coefficient
It isn’t too hard to prove the relationship between the slope and
the shrinkage coefficient. Start with the regression equation:
G,=a+ bG,

Taking expectations, we get G, = a+bG, . Subtracting this from
the regression equation, we get

Gz _éz =b(G1 _é1)
G, =bG,+G, - bG,
If the average doesn’t change from one game to the next:
G, =bG, +G, - bG,
G, =bG, +(1-b)G,

“4- Columbia Business School
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Baseball analytics: from
shrinkage estimators to
moneyball




Value of a baseball player

Professional sports teams now use analytics to drive decisions about
nearly every aspect of the game

Team revenue

Runs scored
(runs we score)

Batting  OPS Strikemy
average 5

Runs allowed
(runs they score)

Fielding Pitching

Value of a player

Mig:eT'Cabrera - Better hitters help teams score more runs
« Teams that score more runs win more games
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Predictive: correlated with runs

.« Correlation: 75%

abs(correlation): 34%

£ 5 .
Ses Ses
£ i
g geo
21 i
%

Batting average (team)

Rons per game (1eom)

040 060 OX0 070 080 0850
0PS (team)
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Persistent: skill v. luck

03%0 . 0450
2 Sope 040 _
Lo 3
1 Fose
£ 5 0250
i o
Fomo g §
3010 e
g & F
~ o100 0050 -
010 o1 om0 oxe 0x0 00 oo ome  om  owe o
2011 Boting average (olyer) 2011 Sukeout cate player)
1300
Sope 048 <
S0
£
3
poxo
§
Rosxo
o0 os0 oo oo w0

2011 0%S (player)
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Best statistics: persistent and predictive

100%
oPs e«

Batting
average

b

Strikeout
rate

25%

Predictive: correlation with runs
w
8
#

0% L
0.00 0.25 050 075 1.00
Persistence: shrinkage coefficient (c)

Moneyball, p.128: OPS “was a much better indicator than any other offensive statistic
of the number of runs a team would score... The one attribute most critical to the
success of a baseball team was an attribute they could afford to buy.”

Module 7 | Slide 30 of 39 4 Columbia Business School




Moneyball: Bill James, Billy Beane, and Brad Pitt

v

Bill James Billy Beane Brad Pitt
- Father of modern baseball * General manager, Oakland . i i
analytics (Sabermetrics) Athletics g mgzzﬂﬁg%sﬁ:ﬁe in the
. \éVitr} Red So\);vsinlgeSZQOIi:_ . 2%%,1 Ql_akland paylrloll: - Moneyball video:
oston won World Series in ; Texas payroll: D B
2004, 2007, and 2013 §1U7M = http://bit.ly/y1dQ13
+ 60 minutes video: = Oakland; 103 wins (64%);

Texas: 72 wins (44%)

« Billy Beane interview:
http://bit.ly/1biBahq
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* https://cbsn.ws/wGu0Bb

Moneyball
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Other applications of
shrinkage estimators:
predicting future stock 8

4- Columbia Business School

The Capital Asset Pricing Model

4 Columbia

$3"  Capital Asset Pricing Model

1. Time value of money (TVM): r;
2. Average return for systematic risk: r_ —r,
3. How much systematic risk: B;

r=r+p x(r,-r)
—_—

uantity of risk
M 9 "
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Predicting average stock returns

Example: CBS (media company)
Tegs =1y = Bx(r, —1;)
Expected stock return:
- Estimate 8
- Estimate equity premium (7, —1;)
» Compute expected stock return using these quantities

Based on the period Sep 2007 to Jan 2011: 3 =2.4
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Predicing B: shrinkage estimator

Stope 054 5
25 B .. cicn

3

c'=0.54
minimizes the MSE

f1:2011:2013

00 os 10 15 20 25 30
$:2008-2010

Predicted B for CBS = ¢ x (Observed 8) + (1 — c) x (Average f)
=0.54 x2.4+0.46 x 1.0
=1.8
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Bloomberg (Merrill Lynch) adjusted B

Adjusted 3 = (2/3) x Raw 3+ (1/3) x 1.0
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Recommendation Analytics;

Music Streaming Services
Module 8

Professor Daniel Guetta
© 2024

“4- Columbia Business School

A musical start...

I’'m going to play two songs, and then ask you how similar you
think they are...

Module 8 | Slide 2 of 140 4 Columbia Business School

This Module ‘ ™
* Recommendation systems

» How did services such as Pandora and Spotify capture value
through analytics?
- Pandora acquired by SirusXM for $3.5 billion
« Spotify valued at over $50 billion
» Recommendations through k-NN
» Moving from a predictive algorithm to a recommendation
system

- Columbia Business School

4 Columbia Business School

AT THE VERY CENTER OF BUSINESS

Pandora and the Music
Genome Project

What is pandora and what value does it capture?

« Internet radio station featuring personalized playlist tailored to
a user’s taste

+ Tim Westergren: founder of Pandora, former Chief Executive
Officer

* Number one radio station in most major US markets in 2018
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Pandora vs. Spotify

Us spotify and Pandora Listeners, 2017-2023

millions

01 2018 2009 2020 zozi 20m o AR
mrPandora i SPOL -
Spotify on
‘of any age who listen to Pandora of
Note: internet users of any age

device at least once per m
‘Source: eMarketer. Feb 2020
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The music genome project
+ Conceived by Will Glaser and Tim Westergren in 1999; capture
the essence of music at a fundamental level

+ 5 genomes: pop/rock, hip-hop/electronica, jazz, world music,
and classical

« Categories of attributes: melody, harmony, rhythm, form, sound
(i.e., instrumentation and voice), lyrics

- Specific attributes (rated by analysts on a 0 to 5 scale)
« Acid rock qualities, accordion playing, acousti-lectric sonority, acousti-
synthetic sonority, ...

« Example: For Led Zeppelin’s song “Kashmir,” the rating starts
4-0-3-3 (high on acid rock attributes, no accordion, medium
sonorities)
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Example: Norwegian Wood and Stayin’ Alive

Norwegian Wood Stayin’ Alive
(Beattles) (Bee Gees)

Beat (fast/slow) Slow Fast
Strings v x
Disco x v

Electric guitar x v
Vocals v v

« Other attributes: harmony, melody, rhythm, specific
instruments, etc...

« Pandora introduced a scale for each attribute

Module 8 | Slide 9 of 140 4 Columbia Business School
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Creating the data!

How many songs can be rated in nine months? What is the cost?
= 450 musical attributes (250 attributes for a pop song)

= 50 song analysts; 20 minutes for one analyst to rate a pop song on 10
attributes

« each analyst works 8 hours/day, 20 days/month at 15 $/hour
Number of songs rated in 9 months
+ 250 attributes requires 25 analysts working 20 minutes

+ 50 analysts can rate 6 songs per hour; 48 songs per day; 960
songs/month

« Approximately 10,000 songs rated in 9 months

Cost

- 50 song analysts; 15 $/hour; 8 hour/day; 20 days/month; 9 months
+ $1 million for 9 months to rate 10,000 songs
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How does Pandora go from a
genome to
recommendations?




Distance metrics and the 1-NN algorithm

User selects a favorite song

We find the “weighted distance” of this song to every other
song

We recommend the song with the minimum weighted distance
to the favorite song

1-NN algorithm: Pandora

A user chooses song 10

to listen to first, and rates

it “like”
Assume the two
attributes are equally
important

What song would 1-NN

1 pick to play for the user

n next?
Atbute 1
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1-NN algorithm: Pandora How is “distance” defined?
Lclidean
A user chooses song 10 ///”’ - Z’Lsttuv\ii
to listen to first, and rates ( S
it IIAksesume o two \\ Soo2 Distance =4/(A,)* +(4,)?
P 2 T attributes are equally P
2T Ay What happens if there are more

What song would 1-NN
1 pick to play for the user
next?

Attribute 1
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than two dimensions? For N
dimensions, the formula is

A ’ <
1 Distance = ,[>"(4, )’
=]

Attribute 1

Z 8inqupy

Song 1,
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Pandora’s first test
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(Optional) Complexities
If attributes are on very different scales (eg: one rating on a 1-5
scale, and one on a 1-1,000 scale) this distance metric doesn’t
work as expected; it helps to standardize columns.
It is sometimes useful to weight different attributes differently
(eg: loudness is much more important than tempo).
In practice, there might be missing values in the data; handling
these is a whole topic in its own right.
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Pandora’s Patent

Source Song Group

Near Candidate Song

Far Candidate Song

Figure 3

Module 8 | Slide 19 of 140

4 Columbia Business School

AT THE VERY CENTER OF BUSINESS

Applying nearest-neighbors
to predictions

k-NN algorithm

» The concept of a nearest-neighbor can be used for prediction

* This applies very generally
- Response: take a loan or not
- Response: like a song or not
« Response: how much this diamond costs

* The k-NN algorithm works as follows
« Take the individual for which we want to make a prediction
* Find its k-closest neighbors
 Average the response for these k-closest neighbors to get a
prediction for our point
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3-NN prediction algorithm

Attribute 2
]
&
;

® QL,

song 12. dilike

-

ong6

* New song: song 9
- Does the 3-NN algorithm
predict the user will like
or dislike it
+ Assume attributes are
equally important
* Note: the user has only
rated 6 songs

BN Myt
Song

Attribute 1

Module 8 | Slide 22 of 140

s

4 Columbia Business School

3-NN prediction algorithm

3 closest rated sonas
‘\ vong 12, dilike
s .

* New song: song 9

wong 10 ek * Does the 3-NN algorithm
! : = predict the user will like
i or dislike it

’ + Assume attributes are
equally important

* Note: the user has only

1 s rated 6 songs

+ 3 closest rated songs are
4 (like), 2 (like), 3 (dislike)
 P(Like song 9) = 2/3

$onE,  song.
dalike  gisiike

Attribute 2

2

Attribute 1
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k-NN vs. Linear Regression
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Parametric vs. nonparametric models

» Parametric models assume a very specific relationship
between variables (eg: they are linearly related)
- If the data fits these assumptions, they're great!
« If not, they will be sub-optimal
« Nonparametric models allow any relationship between
variables
* This gives them much more flexibility
+ But it might also make them unnecessarily complex and opaque
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B2B CRM (Customer Relationship Management)
« Alarge part of the economy comprises businesses that sell
their products to other businesses only

« Examples include Salesforce, Hubspot, MongoDB, Datadog,
Toast, etc..., etc...

* As in every business, sales and customer acquisition are
essential parts of growing a business successfully
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Another example —
calculating CLV in B2B
businesses
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Example: Discern.io

Helen Lin
Founder and CEQ

Take a deep look
ith a ligh h

Ling Ling
Chief Data
Scientist

missi Prodict snd valkdate wih
Getthabigpictureinfine  Know what you'e msiog. ra e
Geai
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The use case

 During customer acquisition, a B2B business talks to hundreds
of businesses in their “sales pipeline”

- Some won't even convert, and of those that do, some will go
on to have high CLV (customer lifetime value), some low

« The onboarding process for a new customer involves talking to
five departments at the company. Each department gives the
customer a score from 1 to 100

« The company then needs to decide which customers to follow
up with — the process is time-consuming, and so the company
doesn't follow up with everyone
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The Data

We have data on 5,000 past customers of the company. In each
case, we know the scores assigned by each of the five teams,
and the customer lifetime value of the customer

Dept1 Dept2 Dept3 Dept4 Dept5 Itv <

0 52 17 45 22 53 5989 \

1 89 74 0 35 83 6960 ‘

Customer lifetime value,
©ach row s This witl be o tfthe
olg oustomer 2 st 24 & 87 B3LLSS oustomer doesht endl up
3 78 29 19 37 1 5405 slastng the deal
4 5 81 35 77 25 6207
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Option 1: linear regression
We could use the past data to fit a linear regression of the form

5
Itv = 8, +" B (Department i score)
i=1

When faced with a new customer for whom we want to predict
the lifetime value, we just multiply each of the scores by the
relevant B, sum up the results, and get our prediction.
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Option 2: k-NN
* We could use k-NN to make the prediction instead

* When faced with a new customer for whom we want to predict
the lifetime value, we would

« Look at all past customers for which we know the LTV

« Find the k “closest” customers among those past ones, based on
department ratings

- These are “lookalike” customers that are most similar to our new
customer

+ Find the average of these “lookalike” customers — this is the
prediction for our new customer
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k-NN in Pyth

Loading the data
import pandas as pd
# Load the B2B data
df_customers = pd.read_csv('B2B sales.csv')

df_customers.head()

Dept1 Dept2 Dept3 Dept4 Dept5 Itv

0 52 17 45 22 53 5989
1 89 74 0 35 83 6960
2 9 il 39 87 83 7783
3 78 29 19 37 1 5405
4 5 81 35 s 25 6207

len(df_customers)

seee
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Splitting the data into a training and test set

import sklearn.model_selection as sk_ms

df_train, df_test =

print(len(df_train))
print(len(df_test))

3508
1588
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sk_ms.train_test_split(df_customers,
train_size = 0.7,
random_state = 123,
shuffle = True)

“4- Columbia Business School

Let’s try linear regression

import sklearn.linear_model as sk_lm
import sklearn.metrics as sk_m

# Fit o Linear regression model on the training set

1m = sk_lm.LinearRegression()

In.fit(df_train.loc[:, df_train.columns = 'ltv'], df_train.ltv)
LinearRegression()

# Make predictions on the test set
preds = Im.predict(df_test.loc[:, df_test.columns != 'ltv'])

# Find the R-squared on the test set
sk_m.r2_score(df_test.ltv, preds)

©.8910480787721818
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k-NN in Python

« scikit-learn has an in-built model to make predictions using k-

NN
» These reside in sklearn.neighbors

« As with other models, there are separate models for
continuous outcomes (regression) and binary outcomes

(classification)
* KNeighborsRegression ()
* KNeighborsClassifier ()

« Let's see how it's used
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k-NN Taking stock...

&’
import sklearn.neighbors as sk_n / ﬁ

# Fit a k-NN model on the training set
knn = sk_n.KNeighborsRegressor()
knn.fit(df_train.loc[:, df_train.columns I= 'ltv'], df_train.ltv)

KNeighborsRegressor() Linear Regression k-NN

# Make predictions on the test set
preds = knn.predict(df_test.loc[:, df_test.columns != '1tv'])

# Find the R-squared on the test set
sk_m.r2_score(df_test.ltv, preds)
| | |

©.18576253335748494
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R Model parameters
« In k-NN, we are encountering something we haven’t seen
before

* You can'’t just unleash the model on data, as with linear and
logistic regression

—  There is a parameter required — the k in k-NN

Picking the value of k when - How can we specify it?

using k-NN for predictions
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k in Python

Whenever a model accepts a parameter, scikit-learn will usually
allow you to specify it when you first create the model

sk _n.KNeighborsRegressor((n neighbors=12)

If you don’t specify the parameter, scikit-learn will usually use a
default, specified in the documentation:

n_neighbors : int, defaul

ers: ‘ ‘
- Number of neighbors to use by default for kneighbors queries
inbte - fuunibarm’ ‘dictance’t ar callahle Aofnult="rinifarm
wainhte - Lunifar
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k-NN with 12 neighbors

# Fit @ k-NN model on the training set
knn = sk_n.KNeighborsRegressor(n_neighbors=12)

knn.fit(df_train.loc[:, df_train.columns != 'ltv'], df_train.ltv)
# Make predictions on the test set
preds = knn.predict(df_test.loc[:, df_test.columns I= 'ltv'])

# Find the R-squared on the test set
sk_m.r2_score(df_test.ltv, preds)

©.27308609926870075
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Picking the value of k

The value of k controls the amount of overfitting in the model
If k is small (say k=1) we simply predict the value of the closest
neighbor. This is a highly-tailored prediction, but very noisy
If k is large, many points are averaged — this won’t be very tailored,
but very stable

We discuss how this relates to overfitting in greater detail in

BA2

To pick the best k, we try every value on the test set, and find
the one that gives the best performance
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Picking the value of k

# Go through values of en 5 and 46, train a k-NN model
# for each value, see h ill it does on the test set, and
# store the results in a List

score_list = []

for k in range(5, 41):
knn = sk_n.KNeighborsRegressor(n_neighbors=k)
Kknn.fit(df_train.loc[:, df_train.columns != 'ltv'], df_train.ltv)

# Make predictions on the test set
preds = knn.predict(df_test.loc[:, df_test.columns I= 'ltv'])

# Find the R-squared on the test set and append it to the
# score L1
score_list.append(sk_m.r2_score(df_test.ltv, preds))

# Plot the results
import matplotlib.pyplot as plt
plt.plot(range(5, 41), score_list)
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Picking the value of k

Out of Sample R-squared
) ) )
~ ~ ~
N ® >

©
~
=)
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Parameter selection

- Parameter selection lies at the very core of modern machine

learning

« We have barely scratched the surface of parameter selection in

Python

« BA2 delves into more advanced techniques in more detail
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Side note: what does it mean
to make “out of sample”
predictions with k-NN?

Out-of-sample k-NN

Z 93INqTAIIY

Attribute 1

Module 8 | Slide 58 of 140

/— One song — this song had a
rating of 4/5

@ Training set

© Test set

4 Columbia Business School

Out-of-sample k-NN

Z 23INqTAIIY

o algorithm to figure out what the model
based on the training data would say

O ° ko//“ The true outcome for this song is 3.
Let's use a 4-nearest-neighbor

Attribute 1
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Out-of-sample k-NN

Z °InqrIlay
-
o OQ
(-]
o
-1
@
(-]

Attribute 1
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The four closest points are the ones
outlined in orange... The prediction is
therefore

3+0+1+4 _
4

2

Key point: we do not use the points in
the test set to make predictions. The
model is only trained on the training
set

“4- Columbia Business School




Out-of-sample k-NN Out-of-sample k-NN
We then do this with every point in the test set.. We then do this with every point in the test set..
o ° e ° ° ‘Eﬁz Prediction Error?
.| ® O 0 o o : ) 15 6.25
4 0070 5 () 2.75 3.06
ol 0 0 -] ) g
A -] ) (] o g o 2 !
5 (- ) © 5 O | 22 0.56
X © o 0o ® (-} 25 0.25
(] 090 © 0 ® | 22 1.56
o °° 00 o Q| 22 0.06
> () 1 0
Attribute 1 Attribute 1
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Back to pandora

- Columbia Business School
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Memory-based collaborative filtering

- Collaborative filtering uses data about what the users have
liked to identify similar users

« It then uses what these other users have liked to make
predictions

- Memory-based versions of the algorithm use the past data
directly in the most obvious way...

4 Columbia Business School
7 THE VERY CENTER OF BUSINESS.

Memory-based collaborative
filtering
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k-NN-based collaborative filtering k-NN-based collaborative filtering
s boe 2 Goal: make a prediction for > [ Goal: make a prediction for
user 4 / J/ user 4
s et S - Who are the closest . 1 \‘5” ot - Who are the closest
2 users to user 4? 2 \ users to user 4?
2 e bk 2. { e * Users 2 and 3 (tie)
\ \ - User7
user 10 user g user 10\ - uf:l/! )
Tneseare noW 2 NS ~ — + Consider song 3
songs, M T i S * Users 2, 3, and 7 rate it
aterlowces b 3 1 : s = 2/5, 5/5, and 2/5
* What do we predict for
1 2 3 a 5 1 2 3 7 user 4?
Song 1 Song 1
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k-NN-based collaborative filtering AT R
s T Goal: make a prediction for
[/ user 4
s ‘ “\"-" b - Who are the closest
2 \ \ users to user 4?
G \ “’*«'; « Users 2 and 3 (tie)
e NS - * User7 Memory-based collaborative
2 A — « Consider song 3 filtering in Python
il R * Users 2, 3, and 7 rate it
! 3 e 2/5, 5/5, and 2/5
* What do we predict for
. z T 7 > user4? — 3/5
Song 1
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Important note

The most efficient way of carrying out these
operations is using high-performance Python
libraries like numpy. We will use much slower —
but easier to understand — techniques to cover
these concepts without too many prerequisites.
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Loading the canvas survey results

We first load the Canvas survey results; see the optional cell in
the notebook for the code. The data looks like this:

Biack Top Boune
Swan Gun identity

Viky Tesss

e prory .

name section gender o T Costna Chainsaw incagtion % e
Coatatner g Ciona Woman o
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Summary statistics (most seen movies)

# Find the movies that were seen by the most people
df_movies.set_index('name')[movies].notnull().sum(axis=@).sort_values()

—

name gender The Godfather TopGun Pretty Woman

0 Sudha F 5.0 NaN 5.0
1 Nicole F 40 30 40
2 Mohammadall M 5.0 5.0 NaN
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Summary statistics (most seen movies)

# Find the movies that were seen by the most people
df_movies.set_index('name")[movies].notnull().sum(axis=0).sort_values()

gender The Godfather Top Gun Pretty Woman

name
Sudha F 5.0 NaN 5.0
Nicole F 40 30 40
Mohammadali M 5.0 5.0 NaN
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Summary statistics (most seen movies)

# Find the movies that were seen by the most people
df_movies.set_index('name')[movies].notnull().sum(axis=@).sort_values()

The Godfather Top Gun Pretty Woman

name
Sudha 5.0 NaN 5.0
Nicole 40 30 40
Mohammadali 5.0 5.0 NaN
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Summary statistics (most seen movies)

# Find the movies that were seen by the most people
df_movies.set_index('name")[movies].notnull().sum(axis=0).sort_values()

The Godfather Top Gun Pretty Woman

name
Sudha Tue  False True
Nicole True True True
Mohammadali True True False
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Summary statistics (most seen movies)

# Find the movies that were seen by the most people
df_movies.set_index('name')[movies].notnull().sum(axis=0).sort_values()

The Godfather 3
Top Gun

Pretty Woman 2
dtype: inté4
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Summary statistics (most seen movies)

# Find the movies that were seen by the most people
df_movies.set_index('name')[movies].notnull().sum(axis=e).sort_values()

Top Gun 2
Pretty Woman 2
The Godfather 3
dtype: inté4
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Summary statistics (highest rated movies)

# Find the movies with the highest rankings
df_movies.set_index('name')[movies].mean(axis=@).sort_values()

The Godfather Top Gun Pretty Woman

name
Sudha 5.0 NaN 5.0
Nicole 40 30 40
Mohammadali 5.0 5.0 NaN
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Summary statistics (highest rated movies)

# Find the movies with the highest rankings
df_movies.set_index('name’ ) [movies].mean(axis=0).sort_values()

The Godfather  4.666667
Top Gun 4.000000
Pretty Woman 4.500000
dtype: floatsd
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Summary statistics (highest rated movies)

# Find the movies with the highest rankings
df_movies.set_index('name')[movies].mean(axis=@).sort_values()

Top Gun 4.000000
Pretty Woman 4.500000
The Godfather  4.666667
dtype: floatés
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Distance e

[1,NaN, 4]

[36,NaN, 4]

[True,False, True]
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name_gencer The Godtaner Top Gun_Prety Woman

All distances R £

Example: 0 1 [0,1,2]

for user in of.index
17 user I rof;

Example: one specific person s movies - |

S N>t

' [

2 Aottt ot fomt i iotet
/al_dnnrus,'
Example: [0,1.0]

0 Sudha 1.00

2 Monammadal 158
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: = N Example: recommendations  cfrovies -1 T 0 DT

[(3, 0.0), (0, 1.0), (2, 1.58)]

: The Godfather, dtype: floatéd
olse
preds{aovie]

[5.0]

return preds,

Module 8 | Slide 87 of @ Godfather':5.0, 'Top Gun':3.0, 'Pretty Woman':4.0} 4. ColumbiaBusinessSchool

[, o, 2, 11

df_distances =

10 2

_pres
¢ preds «_pd.atar:
The Godtather 50

AN e
ey omm 40 40 80

{1: {'The Godfather': 5.0, 'Top Gun': 3.0, 'Pretty Woman': 4.0},
0: {'The Godfather': 5.0, 'Top Gun': 5.0, 'Pretty Woman': 4.0},
2: {'The Godfather': 5.0, 'Top Gun': 3.0, 'Pretty Woman': 5.0}}

4 Columbia Business School
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Example: recommendations

The Godtather Top Gun _Pretty Woman

df_preds =

1
o
2

for movie in 4f_pred:
for User in df_preds. index

1f 3, notnull (¢ _may ocfuser, movie))
df_preds.locluser, movie] =

name The Gosturer TopOun_ premy Weman e colum ret, the
o . _preds|‘nase’}
5 S Tereds « #f oreds([nane’) ¢ movies)

for uzer in ¢f_preds.index
4f_preds.Joc(user, ‘name’] = df_movies.loc[user, ‘nase’]

S
Py — s

Module 8 | Slide 89 of 140 4= Columbia Business School

4~ Columbia Business School




Finding the RMSE

* The concept of RMSE is a little more tricky here T T
- There isn't a set of “y” values that we are trying to predict with e 2 : /

a set of “x” values. Everything is intertwined

- Instead, we will make predictions for every user (using every ('The Godfather': 5.0,
other user) and compare these predictions to the truth o Q8 el TR
« In reality, we should do this with a training/test set (keeping
some of the movies as “test”) but we'll leave that as an Example: Top Gun
exercise...
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The best RMSE

| 10/20
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Columbia Business School
ATTHE VERY CENTER OF BUSINESS

Model-based collaborative
filtering

4- Columbia Business School




Model-based collaborative filtering

« Like k-NN, memory-based collaborative filtering is a non-
parametric model

« It doesn’t assume anything about the data — it just uses it like it
sees it

« |s there a parametric version of collaborative filtering we could
try?

4~ Columbia Business School
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Latent factor model

Latent factor models

- Every movie can be described by a set of “latent factors”. getcnh Fiction
Examples might include s °
Ashwin
* Length o ® orthe
- Level of action O s O icar
* Happy vs. sad e, . &
- efc... Smen
- Every person has a preference set over these latent factors. Short o, EongBshort Long
For example iER . o © i
+ Sarah likes short, happy, action movies Nieole
- Bob likes long, sad, action movies 03; © s otight °::t.....mefs o
« We can use these two predict a person’s rating of a movie =
Non-fiction Non-fiction
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From factors to predictions From factors to predictions
Fiction Fiction
(a52) (2029) (598)
T O 025/ 0.75
The Nizar
. . Post
Short Long Short Long
o Prediction = (-0.25 x —0.4) + (—0.25 x 0.75)
—-0.25,
. =-0.0875
Non-fiction Non-fiction

- -
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4 Columbia Business School

Getting mathematical...

Let F be the number of latent factors

Let there be U users — each one has a persona vector p
containing F elements, one for each latent factor

Let there be M movies — each one has an attribute vector a,
containing F elements, one for each latent factor

Our model then predicts that user u will give the following
rating to movie m
B
/// V= p(u) 'a(m) = Zpu,fam,f
The antw.elws'bés =

A predicted rating
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Matrix factorization

This is also called a matrix factorization model
To understand why, imagine all the ratings were in a big matrix
R with U rows (one for each user) and M columns (one for
each movie), where the entry is the rating
The matrix will have lots of missing value for unrated movies
Further imagine
All the personas were stacked in a matrix P with U rows (one for each
user) and F columns (one for each factor)
All the attributes were stacked in a matrix A with M rows (one for
each movie) and F columns (one for each factor)
Our collaborative filtering model could then be written

R=PAT

Module 8 | Slide 105 of 140 4~ Columbia Business School

- Columbia Business School

Minimizing the errors

One approach to finding the correct latent factors is to solve an
optimization problem that minimizes the errors made by our
model’s predictions

. . P2
mine o (Zu,m if 1, available [ruym - ruw] )
. 2
mine o Zu,m iy available':r”v"' ~Pw 'a(M):I

This is a little bit like linear regression, but with a more
complicated model... How can we find the personas and
attributes that minimize this error?
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A complication
The total number of parameters we’re optimizing over is (F x
M) + (F x U)
When Fis large (i.e., we're using many latent factors), the
number of parameters being estimated also gets very large
This can lead to overfitting

This kind of overfitting can be prevented using a technique
called regularization which is outside the scope of this class
(see BA2)
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4 Columbia Business School

AT THE VERY CENTER OF BUSINESS

Stochastic gradient descent
for matrix factorization
(optional)

Gradient descent

* We can use gradient descent — which we saw when we
discussed logistic regression — to solve this problem as well

- Note that gradient descent isn’'t guaranteed to work when the
optimization problem is nonconvex (a concept you might
cover in more advanced classes).

+ This problem is non-convex, but as we’ll see, gradient descent will
work fine
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The gradient

What is the gradient with respect to the variables P and A in this
case?

. 2
mine o (Zu.m if Fym availablel:r“"" - p(”) : a(m)] )

a —
P

0
da ) = _ZU if £y availablezl:r“rm - p(“) ‘a(m):lp(u) = _Zu if 1, available zeu'mp(u)
(m

7Zm 7 m availablezl:r"vm - p(") : a(’”):la(m) = 72m if 1, available 2e“vma(’”)
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The gradient descent update

In every step of the gradient descent, we will pick a learning
rate/step size y and update the parameters as follows

p(U) &= p(U) _y(_Zm if r, » available zeu-ma(m)) = p(U) F }/Zm if r,, ,» available eu'ma(’")

Am) < Am) _}/(_ZU if 1, available zeu-mp(“)) =aqm 72u if 1, available €umPw)
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Stochastic gradient descent
 Notice that to compute the gradient, we need to take a sum
over every rating in the dataset
« This is very common in ML problems

* When datasets are massive, it can take an enormous amount
of time to calculate this gradient, making gradient descent very
slow

- Stochastic gradient descent takes a different approach — it
calculates the gradient using only one datapoint at a time

« This can make it much easier to apply gradient descent with
massive datasets
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The stochastic gradient descent update

In every step of the gradient descent, we will pick a learning
rate/step size y and update the parameters as follows

for every rating r,
Py < Py + 7€, mA(m)

Ay €< Ay 776, 1Py

Continue doing this again and again until the RMSE stops
getting better.
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Why is this called “stochastic gradient descent”?
- The idea is that instead of using the “true” gradient (calculated
using every data point)...

- ...we use an estimate of the gradient (the “expected” gradient),
calculated by taking a small number of datapoints, and finding
the gradient based on those

« In this case, the “small number of datapoints” is just 1

« It can be shown that under certain conditions, this works just
as well as normal gradient descent

« In practice, we use more than 1 datapoint in each step — this is
called minibatch stochastic gradient descent.
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Columbia Business School
ATTHE VERY CENTER OF BUSINESS

Stochastic gradient descent
for matrix factorization in
Python (optional)

Important note

The most efficient way of carrying out these
operations is using high-performance Python
libraries like numpy. We will use much slower —
but easier to understand — techniques to cover
these concepts without too many prerequisites.
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Initializing the algorithm with random parameters

=range(£), :_movies. index)

# Go through the parameter DataFrames, and fill then with random volues
import numpy as np
np.randon. seed(123)
for df in [a, p):
for user in df.index:
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Initializing the algorithm with random parameters

Avatar Black Swan ... PrettyWoman  Titanic
0.980764 0.398044

0 0737995  0.226851

1 0312261 0724455 0.361789 0.425830

0 | B 144 145

0 0623953 0.115618 .. 0.467988 0.807938
1 0007426 0.551593 0.680903 0.904226

4} Columbia Business School
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Making predictions

e  0.866309 e 0.737995
4 Avatar 1 ©.206096 1 ©.312261
Name: 4, dtype: floaté4

Name: Avatar, dtype: floatéd

N\

def make_pred(user, movie):

and a movie, and make a prediction
of parameters.

This functio
based on ti

——
return(a[movie]*p[user]).sum()
—

e  0.639332
1 e.064356 0.70
dtype: floatéd

4} Columbia Business School
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Getting the RMSE

def get_rmse():

n the current parameters, this function calculates the RMSE of

predictions

total_error = @

n_errors = @

for user in df_movies.index:
for movie in movies:

if pd.notnull(df_movies.loc[user, movie]):
total_error += (df_movies.loc[user, movie] - make_pred(user, movie))**2

n_errors += 1

return (total_error/n_errors)

4~ Columbia Business School
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Stochastic gradient descent

det sqd_step():

fon takes a single step in the stochastic gradient descent
s, going through every rating once to update the parameters

for user in df_movies. index:
for movie in movies:
if pd.notnull(df_movies.locluser, movie]):

error = df_movies. loc(user, movie] - make_pred(user, movie)

# Take a step in the direction of the gradient
a_step = gammaserrorspluser
p_step = gammaserror+a(movie

almovie] += a_step
pluser] += p_step

Pw) < Py T 7€, ma(m)

Ay €< Am) T 7€, Py
4- Columbia Business School
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Olly plot the-fourth step of the
algorithm owwards, The early
ervors will be very lavge, soifwe
‘plot themcthe y-axis will be so
Largethat we wok'tsee the
variation Lw the Later steps,,,
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Stochastic gradient descent

06
™
062
H
060
O.S‘Sﬁ
0ss
056 w
g ® % ® ® 1%
Number of SGO steps
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AT THE VERY CENTER OF BUSINESS

Adding fixed effects

Model limitations

 The current model only allows us to capture user preferences
as a function of the latent factors.

« But in some cases, the movie is more liked just because it's a
better movie — not because it's more “fiction” or more “long” or
some other factor

« Similarly, in some cases, a user might like a movie just
because they're an easier “grader”
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Model limitations part 2

* The model also doesn’t allow any “side information” to be used

» For example, we know whether each of our users are men or
women

= Can we use that information to capture more signal in the
model?
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Matrix factorization with fixed effects and side info

¢ if the u is a woman

THET G P A {0 otherwise

0
6p = _ZZm if r, ,, available e”-ma('")
()

5]
oa,,

0

- Zu,m if . available Cum

ou
0
= _2211 if 1,y available €umPw) or = 722m if 1, available Cum

u

) o _
% = 722“-"’ if 1, m available eu,m da - 722u if r,, m available e'“"

and u is a woman m
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Initializing the algorithm with random parameters

# Create DotaFrames to store the parameters

import numpy as np
np.random. seed(123)

o Movie arrr\nu(r and fixed tfft(

pd.
Siphe s fitoe P unifora() for 1 in movies}

» user personas and fixed effe(ts

e (s np.randon. urufnr-m() P W e

# Mean rating
ms = [np.randon.uniforn()]

# Gender effect
phi = [np.random.uniform()]

# Go through the parameter DatoFrames, ond fill then with random values
for df in [a, p]:
for user in df.index:
for movie in df:
df.loc[user, movie] = np.random.uniform()
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Making predictions

def make_pred(user, movie):
This function will take a user ID and a movie, and make a prediction
based on the current set of parameters.
pred = (a[movie]*p[user]).sum() + mu[@] + alpha[movie] + pi[user]
# If the user is a woman, add that ftxed effect
if df_movies.loc[user, 'gender'] == 'F’
pred += phi[8]

return pred
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Stochastic gradient descent

Stochastic gradient descent

def sgd_step():
This function takes a single step in the stochastic gradient descent
algorithm, going through every rating once to update the parameters s
for user in df_movies. index:
for movie in movies:
if pd.notnull(df_movies.loc user, movie]): bl
error = df_movies.locluser, movie) - make_pred(user, movie)
# Take a step in the direction of the gradient * 0ss
el
p_step = gammaserrorsa(movie 0443y
almovie’ += a_step 0so0
nul0. 4= gammaserror
alphaimoviel += gammaserror
if df_movies.locluser, ‘gender'] == 'F': o 20 0 0 0 100
phil@] += gammaserror Number of SGD steps
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e oo
Visualizing the latent factors *
fig, axes = plt.subplots(l, 1, figsizes(13, 13))
axes.plot(s.1oc(e,:], a.loc(1,:], markers'x", linewidthes)
1Y)
2)
axes.text(a.loce, c], ».lec(, <), €)
G Other examples of
e recommendation systems
d.Series(alpha).sort_values()
# View the gender fired effect
phi
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The Netflix prize

Netflix offered $1,000,000 to anyone who could improve their
recommendation algorithms

“The RMSE of Cinematch on the test subset,
based on training the Cinematch algorithm
using the training set alone, was 0.9525 ...

The qualify for the Grand Prize, the RMSE of
Participant’s submitted predictions on the test
subset much be less than or equal to 90% of
0.9525, or 0.8572”

Netflix Prize winner: BellKor’s Pragmatic Chaos. RMSE 0.8567.
They used many of the techniques we discussed here.
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Amazon item-to-item collaborative filtering

o

Cllitem_Pitem_X)~20/sqr1(300x300y-0,0667

ml—’f/—%
L P, =25
. (tem_Pitem_¥)~25/sqr1(300%30,000)-0,0083
% oy
7

Thus, even though items

) ems P and Y have more cus S i
;::l_mmon lhnfn items P and X, items p ;mdn):L .,T\:ngz l .
rcl].:'gl:'l‘hc f'blllllklr than items P and Y. This result dcsi:nb]‘:
i ‘af)l(z\.;i/u;; pun:c;:lagc ofitem_X customers that
5 _| «/70) 1s muc) cate 1 C
item_Y customers that baughtgi‘l':;trl’"(h(;?o‘xh"zryummmxc %

hitps:/ipatents.google.com/patentUS7113917
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Amazon item-to-item collaborative filtering

\ =/
&
( ‘\
( 30200 |
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Cliitem_Pjtem_

205901(300x300)~0,0667
Cliitem_p, )

Pitem_¥)=25/59r1(300%30,000)0,0083

Thus, ev ‘

g Us, even though items P

'mmon than items P

and Y have .
e R X
reflects the fact ol lll:-" items P aj
_boughl item_P (6.
item_Y customers

¢ customers in

ot and X are treated as

e, Y. This result desirab]

7%)is mmach ui;:‘fr !ll:n_x customers llm)l,

e o, er than the perc

omers that bought jtem,_p «;no;:',;';‘“""““lwﬂf
_P (0.08%

hitps/ipatents.google com/patentUS7113917
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Google PageRank

AN

04

hitps ipatents google com/patentiUS6285999
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One aspect of the present invention is dirceted to taking
advantage of the linked structure of a database 1o assign a
rank 1o each document in the database, where the document
rank is a measure of the importance of a document. Rather
than determining relevance only from the intrinsic content of
a document, or from the anchor text of backlinks to the
document, a method consistent with the invention deter-
mines importance from the extrinsic relationships between
documents, Intuitively, & ‘document should be important
s of its content) if it is highly cited by other

Not all citations, however, are necessarily of

equal significance. Acitation from an important document is.

more important than & (ation from a relatively unimportant
document. Thus, the importance of a page. and hence the
rank assigned to it should depend not just on the number of
citations it has, but on the importance of the citing docu-
ments as well. This implies recursive definition of rank: the
rank of a document is a function of the ranks of the
documents which cite The ranks of documents may be
calculated by an iterative procedure on & linked database.

- Columbia Business School
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e ol Fall 2024 This Module

* COVID-19: every test counts
* Decision making through Monte Carlo simulation
+ Evaluating GM’s healthcare pension liabilities

Simulation; Medical Testing

& Pension Analytics

Session 9

Professor Daniel Guetta

© 2024 - Columbia Business School
Bz ol Busase Sohool The importance of testing
FiveThirtyEighe
The.. P
Guardian Why We st
@ Still Need To Test Widel;
o Mass testingis theonly way tostopthe For Coronavirys ely

virus - it's long overdue
Anthony Costello

fales,

COVID-19: every test counts . - i
« When cases are still rare, allows for far less onerous social
distancing

- Essential part of any “track and trace” approach
« Important part of protecting healthcare and other social workers
- Basis of pretty much everything we say, know, and decide about

the virus
Module 9 | Slide 4 of 103 4 Columbia Business School
(At least) two types of COVID-19 tests Viral tests were in short supply
The Atlantic * The first viral test for COVID-19 was available in record time — early

cases were reported in late December, the full gene sequence was
submitted by China to the WHO on January 12", and there were
reports of viral testing happening on January 17t

« Many specific “recipes” for this test have emerged since, with
varying degrees of success.

 Unfortunately, there are many hurdles between a test that works in
principle and a test that can be applied usefully at scale — testing
was plagued by a whole host of issues from the getgo
« Shortage of collection kit (eg: nasal swabs)
« Shortage of reagents and/or staff to analyze collected samples
« Contaminated/flaws tests
* Bureaucratic hurdles

WEALTH

Could the CDC Make That Mi

Viral tests are the most useful for track and trace — we'll focus on these today
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An idea...

Module 9 | Slide 8 of 103

T NnaT L9 | __V..
Five People. Une les TI.“.L IS [OW 10u
FIVE 1CUpIC. vnv 1vot. 2
n .M ____
Let 1nere.

- with
Nebraska is testing more peopie witi
technique is simple-

Ry lordan Ellenberg

Mr. Ellenberg s 8 professor of mathematics

May7.2020

ips:wwsnytimes com/2020/05/07/opi
Ploncoronavins-group-festing himi

4} Columbia Business School

An idea...

If it comes out negative,
declare all 5 people negative.
If it comes out positive, test
all 5 people individually

Combine 5 people’s
samples and test them

Module 9 | Slide 9 of 103 4~ Columbia Business School
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Pros and cons

* Pros

+ Test the population with fewer tests
+ Can vary the group size if needed

- Cons
+ Do diluted samples work? (c.f. Wassermann test for syphilis in WW2)
« Nebraska required special permission to do this
+ Does it really result in fewer tests?
- Does it affect the accuracy of the test?
+ What kind of shortage does this help?
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AT THE VERY CENTER OF BUSINESS

Simulation

+ Simulation is the imitation of real-world process

+ Analyze the consequences of decisions before real-world
impléementation

+ Two reasons for simulation
+ Random events impact the outcome of interest and need to understand the range
of future outcomes (Monte Carlo simulation)
« Even in the absence of randomness, there might be no simple formula for the
out(t:ome) of interest, and simulation is the only way to do testing (dynamical
systems
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Simulation in the presence of randomness

Key idea: simulate “many” possible paths to understand the
possible scenarios you could face.

Frequency

\

Wy
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Monte Carlo simulation process

Construct a model connecting inputs to outputs

« Output of interest and random inputs that impact the output

« How the random inputs impact the outputs

* Nature of random inputs: distribution

Run the simulation

- Generate many possible values that random inputs may take
« For each sequence of events, record outputs

Analyze the output

+ Simulation shows how random inputs lead to a range of outcomes
for the random outputs

- Distribution of the outputs: average, standard deviation,
percentiles...
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AT THE VERY CENTER OF BUSINESS

Back to COVID

i \ If it comes out negative, declare
all 5 people negaive. If it comes
7 out positve, test all 5 people

/ individually

—_
ii Combine 5 people's
samples and test them

On average, how many tests does it take to test a single person
conclusively?
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Sources of randomness

* Whether the patient of interest has COVID
+ This depends on how much of the population is infected with COVID
- We'll denote this variable s;; equal to 1 if the patient has COVID, and
0 otherwise
« Whether the other four patients being tested have COVID
+ We’'ll denote these variables s,, 3, S,4, and ss; each variable will be 1
if the relevant patient has COVID, and 0 otherwise
* Whether the combined sample tests are positive or negative

+ This depends on the sensitivity and specificity of the test and on
whether anyone in the sample is positive

- We’'ll denote this T, equal to 1 if the test is positive, and 0 otherwise
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Sensitivity and specificity of the test

The accuracy of diagnostic tests is encapsulated by two
numbers

« The sensitivity (true positive rate): this is the probability
someone tests positive if they do indeed have the condition

- The specificity (true negative rate): this is the probability
someone tests negative if they do not have the condition

Many estimates of these two numbers exist for COVID tests;
we’'ll go with fairly plausible sensitivity = 0.9, and specificity =
0.98, but we'll play with these later.
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Sources of randomness

* The s variables depend on the proportion p of the population
that is currently infected with COVID

S,,S,,83,8,,8; ~ Bernoulli(p)
« The T variable depends on whether the sample had any
COVID-positive samples

_ | Bernoulli(0.9)  if max(s;,s,,s;,8,,8;) =1
" |Bernoulli(0.02) if max(s,,s,,s;,S,,8;) =0
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The outcome

«If T=0, we don’t need to carry out any further test
+ The number of tests required for our person of interestis 0.2
«If T=1, we need to re-test every one of the five people in the
sample
« The number of tests required per person is therefore 1.2
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AT THE VERY CENTER OF BUSINESS

Random numbers in Python

Generating random numbers in Python

import numpy as np
np.random. seed(123)

np.random. uniform(sizes10)

We'l discuss e € i3 e 0 SRS 6 AT
this shortly 9.42310646, 0.9807642 , 0.68482974, ©.4899316 , ©.39211752])

np.random.binoaial(nel, 0.4, sizes10)
array((e, 1, 9,9, 8, 1, 0, 0, 0, 0])
np.random.normal(loce, scalest, sizesie)

array([ 1.0040539 , ©.3861864 , ©.73736858, 1.49073203, -0.93583387,
17582504, -1.25388067, -0.6377515 , ©.9071052 , -1.4286807 1)

numpy has in-built functions to generate random numbers from
all common distributions. For others, we can use the inverse
CDF method (but it'll be slower than the built-in ones).

Module 9 | Slide 26 of 103

4 Columbia Business School

The inverse CDF method

« Let U be a uniformly distributed random variable

+ Suppose we have a distribution f with cumulative density
function (CDF) F(x)... In other words, if a variable X has
distribution f, then

P(X < x) = F(x)
- Let F'(p) be the inverse function of F(x)
- Then it can be shown that F'(U) has distribution f!

 To see why, recall that the CDF of a uniform distribution is
F(x) = x, and so

P(F'(U) = x) = P(U < F(x)) = F(x)
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The inverse CDF method — an example

* You oversee operations at a ridesharing company

* You are given a file, demand.csv that contains one column —
total trip hours — which contains historical ride demand

+ Every row corresponds to one hour in the last four years, and it
lists the number of trip-hours that were taken during that hour
« For example, if during that hour, 10 people took 10 minute rides, the
total number of ride-minutes in that hour is 10x10 = 100 ride-minutes
= 1.67 ride-hours — so that row would contain 1.67
 You want to be able to simulate an “average day” in your
company’s operations — in particular, you want to be able to
simulate a random variable that represents the number of ride-
hours in any given hour
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The inverse CDF method — an example

Let's have a look at the distribution of hours

000025

T 20 40 &0 80 100 100
rs per hour

This is a complicated distribution! How do we generate variables
from it?
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The inverse CDF method — an example

- To use the inverse-CDF method, we need to calculate F'(p)
* Remember; F(x) = P(Ride-hours per hour < x)
* Thus, F(p) is the number of ride-hours such that a proportion
p of ride-hours is less than that number
« F(0.5) is the median number of ride-hours

« F1(0.9) is the number of ride-hours such that 90% of ride-hours is
less than that

» We can calculate this in Python!
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The inverse CDF method — an example
Calculating F'(p)

# Sort the demand list from smallest to largest
demand = sorted(demand)

be done using the np.quantile function, but we
he full details here

# Suppose p = 0.9 as an exa
# total.

# to give us the iny
return demand !int(len(demand)*p)
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The inverse CDF method — an example

We can now use the inverse CDF method to generate variables
from this distribution

# Generate 50,000 uniform random variables
uniform_vars = np. random,uniforn(low=@, high=1, size=50000)

# Apply the inverse-CDF to them
sampled_demand = [inverse_cdf(i) for i in uniform_vars
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The inverse CDF method — an example
We can verify it worked...

—— Oniginal demand data
000175

0.00125 |
A \
000100 /\ [\

000075 Pyt X \/ \ |
000050 ‘/\/, \J \j \

000025

Density

000000

0 200 400 600 800 1000 1200
Ride-hours per hour
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The randomization seed

Computers cannot generate random numbers.

Instead, we give the computer a seed. It then uses complex
mathematical formulas to generate pseudo-random
numbers.

If you give a computer the same seed, the same sequence of
random numbers will be generated.

In numpy, the randomization seed can be set using
np.random.seed ()
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Generating random numbers
We will heavily rely on Python’s ability to generate sequences
of pseudo-random numbers

We require a sequence that is completely unpredictable —
even if you see every number in the sequence so far, there
should be no way to predict the next number.

Computers have no way to generate random numbers — so
instead they use complicated mathematical functions to
generate these sequences.

Doing this properly is hard.
Doing this is really, really, really important.
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Why are random numbers so important?

Here’s my username
and password —
please give me access
to my account

I've checked your username
and password. Let me give
you a random key:
1BGnOtWMcx7380gZyrU09B.
You can use it to access your S

stuff for the rest of this session

I've cracked the bank’s random
number generator. Based on the
last few random keys I've seen,
| can predict the random key the

” bank will assign the next user
wpersonate them
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Elliptic curves

Elliptic curves are graphs that satisfy

y*=x*+ax+b

Example with
a=-27andb=2
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Summing points on elliptic curves

+ Suppose we have two points
P and Q on an elliptic curve
* We define summation on an
elliptic curve in a weird way
- Draw the line from P to Q
* This line will cross the graph
2 once at a single point
* Reflect that point on the x-
axis to get R; the sum
- So we say

P+Q=R
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Summing points on elliptic curves

a
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* Another example: let’s find P
+R
* Draw the line between P and

* Find the point at which it

crosses the curve
* Reflect it in the x-axis

- So
P+R=S

4~ Columbia Business School

Summing points on elliptic curves
> * What if we want to add a
point to itself (i.e. P + P)?

« We simply find the tangent
line to P, and reflect the
crossing point in the x-axis

* We can then find 2P + P =
3

<And 3P + P=4P
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Summing points on elliptic curves
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+ But there’s another way to
find 4P; we can just add 2P
to itself

« If our concept of addition is
“consistent”, this should lead
to the same point

« And it does!

“4- Columbia Business School

Nerd notes (very, very, optional)

« In practice, cryptography uses elliptic curves
mod p over the integers; it can be shown that —
as long as we add an identity element at infinity
— these integers form a finite abelian group

« A lot of the underlying math behind this was
developed by Evariste Gallois, a French
mathematician who died in a duel in 1832
(possibly over a love affair) at the age of 20; he
was also a political firebrand, spent time in jail,
and we know a lot of this because Alexandre
Dumas (who wrote The Count of Monte Cristo)
talked about it in his diaries... No biggie...
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Point multiplication is easy

- Suppose we want to calculate 1,000,000 P
» We can do this in only 25 operations! Just sum the red points

2P - 64P - 2,048P

*65,536P
- 4P - 128P - 4,096P - 131,072P
- 8P - 256P - 8,192P - 262,144P
- 16P *512P *16,384P - 524,288P
- 32P - 1024P - 32,768P
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Point “division” is really, really, really hard
- Suppose we have a point Q, and we know that Q = nP, where
nis very large
« Finding n is really difficult; you would need to go through every
number from 1 until you find the right one

« This is known as the discrete logarithm problem for elliptic
curves
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Point “division” is really, really, really hard

Even if we know that Q = nP,
finding n is really difficult
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Generating random numbers with elliptic curves

- This algorithm requires a defined elliptic curve, and a point P
on the curve. This point P can be public.

- Start with a seed s,, and then...

These numbers jump all around the curve, so
we get “random” points/numbers
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Generating random numbers with elliptic curves

« This algorithm requires a defined elliptic curve, and two points
P and Q on the curve; both points are public

- Start with a seed ng, and then...

We never see the numbers s;, s,, etc..., and
so there’s no way to predict the next number
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This is real...

NIST Spect

i Number

aendation for Random Numbes
O eneration Using Deterministic
Random Bit Generators

Rect

[NE S———
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Except... s ReuTens

EheNew B ork Eimes Fxclusive: Secret contract tied N i
N.S.A. Able to Foil Basic Safeguards industry pioneer Sy

of Privacy on Web

Scott Shane

By Nical Peiroth,Jef Larson and

ot 5,201 Documens [eske! by former NSA contractor E¢t w that the NSA created and
promugated d formula for generati o create a “back door” in sncryption
products, the New York Reuters

Bsafo tha i used fo enhance

‘securty in personal computers and many ofher products.
Many users assume — or have been assured by Internet companies —

that their data s safe from prying eyes, including those of the government,  Undisclosed unt now was trat RSA recelved $10 millon in a deal that et the NSA formuia as the

and the NSA. wanis 1o keop i tat way. The agocy ais s recent P, o hau. mlhd for pumborgoertn b (h B3ae st acsring oo sz
successes in deciphering protected information as among its MOSt  yenue that the relevant division at RSA had taken in ring the enii previous year, secuities filngs show.
closely guarded secrets, restricted to those cleared for a highly classified

program code-named Bullrun, according to the documents, provided by

Edward J. Snowden, the former N.S.A. contractor.

One goal in the agency's 2013 budget request was to “influence policies, [RSA RESPONS!
standards and specifications for commercial public key technologies,” the. RELATIONSHI
most common encryption method.

£ TO MEDIA CLAIMS REGARDING NSA
P

Cryptographers have long suspected that the agency planted
Vulnerabilities in a standard adopied in 2006 by the National Institute of e
Standards and Technology and later by the International Organization for
‘Standardization, which has 163 countries as members.
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Explaining the backdoor

« In theory, P and Q should be picked completely randomly

« It can be shown that whatever P and Q are, there is always a d
such that P=dQ

- Because of the discrete logarithm problem, it's almost impossible to
compute d — but supﬁose you choose a Q and d, and then write the
NIST standard to pick a P'equal to dQ (which is easy to compute)

 Then given the last “random” number, you can predict the next...

dr; = ds;Q = 5,(dQ) = s,P = s,
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The dénouement

@he New Pork Times
Government Announces Steps to Restore Confidence on
Encryption Standards

2

Nothing-
‘ othing. up-my-sleeve number

In cryptography numbers are any . by their
construction, are above suspicion of hidden properties... An example would be the
use of iniial digts from the number rc as the constants. Using digits of 7 millons of
places after the decimal point would not be considered trustworthy because the
algorithm designer might have selected that starting point because it created a
secret weakness the designer could later exploit
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Elliptic curves are everywhere: key exchange
+ Suppose Alice and Bob live on opposite sides of the world and
want to exchange a message

- The NSA is eager to know what Alice wants to tell Bob, and
can read any messages they send to each other

« Alice and Bob could encrypt the message, but what encryption
key would they use? If they exchange the encryption key, the
NSA will intercept it too

« Astonishingly, the Elliptic-Curve Diffie-Hellman algorithm
will allow them to do this securely!

« This algorithm is in use today — when you go to an https site,
you might be using it!
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Elliptic curves are everywhere: key exchange

'~
- — 2
Bob chooses an elliptic

curve and a point P
and sends it to Alice

Alice stores this curve
and the point P

The NSA intercepts
both
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Elliptic curves are everywhere: key exchange

a b
)

- G O

Bob privately chooses
a large number a,

calculates aP, and
sends it to Alice

Alice privately chooses
a large number b,
calculates bP, and

sends it to Bob

The NSA intercepts both. Even though it
knows P, aP, and bP, it can’t figure out a and
b because of the discrete logarithm problem
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Elliptic curves are everywhere: key exchange

oY
Bob calculates a x the Alice calculates b x the
point he received, and point she received, and
gets abP gets baP
Alice and Bob now have the same point abP =
baP, which they can use as their encryption key!

The NSA doesn’t know a or b, and so they
can’t find this number
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Elliptic curves are everywhere: Bitcoin

tation
Protocol documen —
i itcoin protocol is spect
i behavior of the reference client. The Bitcoin p!
This page describes the .
Frotoclsocuminalan

Signatures

Bitcoin uses Elliptic Curve Digital Signature Algorithme? (ECDSA) to sign transactions.

For ECDSA the secp256k1 curve from hitp://www.secg org/sec2-v2.pdfi@ is used.

Public keys (in scripts) are given as 04 <x> <y> where x and y are 32 byte big-endian integers
representing the coordinates of a point on the curve or in compressed form given as <sign> <x>
where <sign> is 0x02 if y is even and 0x03 if y is odd.

Signatures use DER encoding to pack the rand s components into a single byte stream (this

is also what OpenSSL produces by default).
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Back to COVID; simulation in
Python

Reminder
* The s variables depend on the proportion p of the population
that is currently infected with COVID
$,S,,S;,5,,Ss ~ Bernoulli(p)

= The T variable depends on whether the sample had any
COVID-positive samples

_ | Bernoulli(0.9)  if max(s;,s,,s;,8,,8;) =1
"~ |Bernoulli(0.02) if max(s,,s,,S;,5,,55) =0
< If T=0, we don’t need to carry out any further test, and the
number of tests for the person of interest is 0.2. If T= 1, we
need to re-test everyone; the tests required per person is 1.2
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Simulating the tests

Example: [0, 0, 1, 0, 1]

e / Example: 1

Example: [0.2, 0.2, 1.2,
ce.r 1.2, 0.2]
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Running the simulation

Suppose 20% of the population is currently infected with COVID.
How many tests will the pooled procedure require on average?
average_n_tests(9.2)

©.7999999999999999

What if 90% of the population is infected?

average_n_tests(0.9)

1.0928
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Managerial insights

Av. tests needed per person
© o o =
2 & =» o

°
o

00 2 4 06 0.8
Proportion of population infected
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Simulation accuracy




Simulation accuracy
Our simulation has told us if 20% of the population is infected,
we will need 0.8 tests per person
If we run it again with a different seed, we might get a slightly
different number
How can we get an estimate of roughly how accurate our result
is?
The key, it turns out, is the Central Limit Theorem
If we use n simulation trials, and the standard deviation of the
results from each trial is o, the mean will be normally
distributed with a standard deviation of a//n.
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Simulation accuracy

This means that if the mean of all the simulations is p, and the
standard deviation is o, we know that 95% of times we run this
simulation, the mean will be in the interval

o

+ 1.96
N
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Simulation accuracy
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Simulation accuracy

n = 5000
mu, sigma = average_n_tests(e.2, n=n)
print(f'95% CI: {round(mu - 1.96*sigma/np.sqrt(n),4)}-{round(mu + 1.96*sigma/np.sqrt(n),4)}')

95% CI: ©.7864-0.8136
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Verifying the central limit theorem

nen)
95sigma/np.sart(n),4)}-{round(ms + 1.96%signa/np.sart(n),4)}")

95% CI: 0.7864-0.8136
from tqde import tada

means = 1]

e [ESEREEE
np.quantile(means, ©.025)

0.798295

np.quantile(seans, 8.375)

©.8253050000000001
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Simulation accuracy
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Simulation accuracy

)

Av tests needed per person
s o o m
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Simulation accuracy
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Valuing the healthcare
pension liability at GM

“4- Columbia Business School

* The UAW (United Auto Workers) union and GM are in
negotiations

* The transfer of the healthcare liability from GM to the union for
a fixed amount is being discussed

Module 9 | Slide 76 of 103 4 Columbia Business School

Pro-forma analysis

Data on the average employee
- Male

= Age: 45 years

 Age at retirement: 65 years

* Age at death: 78 years

Healthcare costs

- Current year: $10,000

= Annual increase in healthcare costs: 8.5%
- Discount rate assumption: 5%
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Pro-forma analysis

deatn) :

total_tissility cost
(1+discount rate)"**

a 1
cost *+ (1¢cost_growth)

roturn total_liability
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Pro-forma analysis

The average employee dies at 78:

pro_forma_liability(78)

307.22630336630107

So the net present value of the liability is $307,000
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The impact of randomness

pro_forna_liability(78)

387.22630336630107

pro_forma_liability(es)
19.26676420332768
pro_forma_liability(se)

734.0187643084853

« Suppose employees die at 66 with probability 72 and at 90 with
probability 2 (expected age of death: 78)

- The expected NPV is (14x$19.27K) + (14x$734.02K) = $377K

« This is much larger than the $307K obtained from just
assuming an age of 78
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The impact of randomness

@
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Jensen’s Inequality

« This is the result of a more general result called Jensen’s
Inequality
* Given a random variable X and a convex function f, Jensen’s
Inequality states that
E[f(X)]=f(E[X])
« This requires understanding the concept of a convex function,
which we won’t cover in this class

« In this instance, X is the age of death (which is random) and f
ispro_forma liability
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Modelling the randomness in
the death age — actuarial life
tables

Actuarial life table: male

Actuarial life tables reports the remaining life expectancy at any
specific age:

Ousth

Actuarial life table: female

Actuarial life tables reports the remaining life expectancy at any
specific age:

o e ute
Age_probabilty _expectancy __ Age _probabilty _apectancy

oa7 W[ o 7]
@ o sl m e a1
@ osn 2d @ sam a5
o ™ nd ® eow I
P n0 M e o
s ow o I T 70
“ wdl m s o5
@ K me @ s -
& e sl w s 54
6 v i s um 53
T e S T a3
no e 56l s s asf
n 20 ws| @ e o
n o am wl » ww 39
no s s assen 34
7 e sl s aue 34
% s wl % 2am s
no o sl s e 30
T w03 s 2eesm 23
B e 0] s s 23
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Actuarial life tables Actuarial life tables
A 8 £ 6 £ E S L ) < skspeonn3)
1 v from: hitp// hmi
2
3 Male Female
Death Ufe Death Ufe
4 age probability expectancy probability expectancy
s [} 0.70% 759 0.6% 0.8 a Probability of dying within one year.
& 1 0.04% 754 0.0% 803 Note: The period life expectancy at a gi
7 2 0.03% 745 0.0% 793 The Social Security area population is cc.
8 3 0.02% 735 0.0% 783
9 4 0.02% ns 0.0% 73
10 5 0.02% s 0.0% 764
n 6 0.02% 705 0.0% 754
12 7 0.01% 9.5 0.0% 744
13 3 o.01% 6856 0.0% 74
i 9 001% 626 0.0% 724
15 10 0.01% 666 0.0% 74
16 1 0.01% 656 0.0% 704
” 12 o.01% 646 0.0% 9.4
18 13 0.02% 636 0.0% 684
10 1 naa on nm w4
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Simulating age of death
« For every year, generate a Bernoulli random variable with p
equal to the probability of death at that age

- If the variable is 1, the person dies at that age. If it is 0, the
person doesn’t

= The age of death is the minimum age with an indicator of 1
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Simulating age of death
def simulate_death_age():
This function goes through every age from 45 to 119 and simulates

the probability of death at that age. As soon as one of the
simulations returns 1, that age is returned as the age of death

for age in range(45, 120):

if np.random.binomial(n=1, p=df_actuarial.loc[age, 'Death probability']) == 1:

return age

np.random.seed(123)

print(simulate_death_age())
print(simulate_death_age())
print(simulate_death_age())

83
98
51
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AT THE VERY CENTER OF BUSINESS

Back to the GM case

“4- Columbia Business School

Back to the GM case

n = 5000
liability_npv = []
np.random. seed(123)

for i in tqdm(range(n)):
1iability_npv.append(pro_forma_liability(simulate_death_age()))

100%|
9:01<00:00, 3067.69it/s]

mean_liability = np.mean(liability_npv)
se_liability = np.std(liability_npv)/np.sart(n)

print(f'95% CI: {round(mean_liability - 1.96*se_liability,2)}-{round(mean_liability + 1.96%se_lial

95% CI: 392.55-410.08
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Estimating probabilities

» Monte Carlo simulation can also be used to estimate the
probability of an event

- Suppose we want to estimate the probability the age of death

is > 65
- Define
X={1 if age of death > 65
0 otherwise
* Then

E[X]=0xP(X =0)+1xP(X = 1) = P(age of death > 65)
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Estimating probabilities

n = 5000
x =[]
np.random.seed(123)

for i in tqdm(range(n)):
x.append(1 if simulate_death_age() >= 65 else @)

o I o
0:01<00:00, 3059.72it/s]

np.mean(x)

©.8546
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Simulation applications

Traffic simulation

Traffic simulation

« Traffic light timing

- One-way versus two-way streets
« Impact of road closures
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Simulation of epidemics

Simulation of epidemics

« Spread through air travel

* Analyze potential interventions
* Analyze vaccination policies

Module 9 | Slide 101 of 103 4 Columbia Business School

Call center simulation

Call center simulation
« Random arrival times of calls

* Analyze impact of staffing plans
on key performance metrics
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Financial simulation

Financial simulation

Pricing options and other
S securities
| Analyze hedging (risk
management) strategies
Capital allocation
Value-at-risk and other simulation
methods mandated by
government regulation

Note: can only simulate known
unknowns
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Buy online pick up in store
(BOPS) at Home & Kitchen

This Module

* Evaluating the Buy Online Pickup in Store (BOPS) program at
Home and Kitchen
* Analyzing the impact
* Prescription (keep or drop)

Source: “Integration of Online and Offline Channels in Retail: The Impact of Sharing Reliable
Inventory Availability Information”, 2014. Gallino, S., Moreno, A. Management Science

« Difference in Differences (DiD) method
« Evaluating the impact of Search Engine Marketing at eBay

4 Columbia Business School

- Columbia Business School

Data from the original pilot

weeke nfeer e

wassiswet b8y

{ntroduction
or before (0)
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Initial analysis
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Factors we might be missing 4-CalumbiaBusiness Schol

School
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Other factors might be causing the disparity between the
“before” and “after” period

- Seasonality (holidays, back-to-school, summer moving season)
» Macro-economic factors (growth, shocks)

+ Systemic company-wide factors (product selection, marketing) . .
+ Systemic competitive factors (entrance of a new competitor) -[I;?f?e?éfrfﬁgesnfgi?);napproach

How can we isolate the effect of BOPS from all these other
confounding factors
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Isolating the impact of BOPS Example of DiD

General idea of the difference in differences (DiD) approach
« Identify a control group
« Similar to the test group and subject to the same common factors
« Not exposed to the treatment

« Compare the change in outcome in the control group to the
change in outcome in the test group

A recent study at Columbia College
reports that freshmen who participate
in club sports gain an average of 3.6
pounds during their first year of college

Student Average Average ending
group starting weight weight
Club sports 144.3 147.9

No club sports
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Example of DiD

A recent study at Columbia College
reports that freshmen who participate
in club sports gain an average of 3.6
pounds during their first year of college

Student Average Average ending A
q 9 ; Difference
group starting weight weight
Club sports 1443 147.9 36
No club sports 149.2 156.3 71
DiD -35
4} Columbia Business School Module 10 | Slide 14 of 60 4} Columbia Business School
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Testing

Decision/treatment — outcome

« How can we quantify the impact of a treatment?
« Looking at the outcome alone ignores confounding factors
- Testing seeks to isolate the treatment’s causal effect
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A/B testing

A/B testing

« A/B testing has been referred to as a fundamental change in strategy for business
decision-making

~ A turn towards evidence-based decision-making
For example, at Facebook data scientists run over 1000 experiments each day

 What has driven this change?

On the Intemet, small improvements can translate into massive profits given its large
scale

~ Running A/B tests is cheap

o A/B testing is a term for a randomized experiment with two “treatments” or variants
~ A “bake-off" between competing variants
— A/B tests can be extended to three or more variants
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Common approaches to testing the impact of treatment

« A/B testing (randomized trials)
- Pros
- Little chance of systematic differences between treatment and control
« Allows us to isolate the true effect
- Cons
« Can be difficult to operationalize
* Opportunity cost: can we afford to wait for the results of the randomized test?
» Difference-in-Differences method: use when control and
treatment groups are not assigned randomly, find the best control
group possible ex-post
- Pros
« Can leverage data that was already collected
* No need to wait for new data to come in
+ Cons
- Potential biases between control and treatment group
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The concept behind DiD

Response 156.3
Control A Control 71
149.2
IAT-AC]  -35
Treatment 147.9
1443 ATreatment 3.6

Before After
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DiD for BOPS

- Columbia Business School

Which DMAs are affected by BOPS?

o
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Store locations
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50 mile radius from stores

“Close” and “Far” DMAs

o soroor

Close DMAs (treatment)

- Far DMAs (control)
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DiD for online sales analysis DiD for online sales analysis
1 tf this DMA was closeto n home §
Kitohew store, 0 1f i wis-fr from a store
df_online.head()
id (DMA) date year month week after close sales
o 1 2011-04-24 2011 4 17 o 1 18564.46094
1 1 2011-05-01 2011 4 18 0 1 30882.56055 perc_dLff - far_perc_aiff, 1))
2 1 2011-05-08 2011 5 19 0 1 3742492578
3 1 2011-05-15 2011 5 20 0 1 32562.69336
4 1 2011-05-22 2011 5 21 0 1 3577267188
an
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DiD for B&M sales analysis

2 bf this storewns L the USA, 0 1f Lt was

n Canadn

df_bm.head()

id (store) date year month week usa after sales
0 1 2011-0417 2011 4 16 0 0 118690.700000
1 1 20110424 2011 4 17 0 0 113804.266667
2 1 20110501 2011 4 18 0 0 172104.333333
3 1 2011.05.08 2011 5 19 0 0 105500.966667
4 1 20110515 2011 5 20 0 0 94884.300000
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DiD for B&M sales analysis

post_bops )}
52 _bops -usa_pre_bopt))
03/ uta_pre_bops
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Aggregate impact of BOPS on sales

Estimated impact of BOPS on Home and Kitchen sales
- Online sales affected by BOPS: $36.1M x —3.3% = $ —1.2M
- B&M sales affected by BOPS: $123M x 5.8% = $7.1M

“4- Columbia Business School

Estimated aggregate impact on sales
*$7.1M - $1.2M = $5.9M
+ 2.9% increase in company-wide revenues
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An alternative approach to DiD
The DiD method computed the impact of the BOPS treatment
according to
(% TotalSalesChange)rreatep — (% TotalSalesChange)controL

The combines all the units (stores or DMASs) in the two groups.
It then finds the difference between the two groups.

One shortcoming is that small units (small stores/small DMAs)
will be dwarfed by large ones. To resolve this, we could first find
the % change in each unit
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An example

bSaIes Sales after USA? 0 Saleg % difference
efore difference
1 0 $0

$1M $1M 0%
2 $100M $100M 0 $0 0%
o SOM SO e
3 $1M $2m 1 $1M 100%

4 $100M $101M 1 $1M 1%
nging the

singthe
renet

< o caloulate these - either by aver!
Ffevenoes in each store, OF b/m w
aloulate the percentage diffe

TWo WY
percentage dl
aggregates to o
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An example; aggregated [what we did with BOPS]

SaleS Sales after USA? Sales % difference
before fferenc
1 $1M $1M 0 $0 0%
€ach store gets
counted
proportionaliy
toits size

DiD = 1.98% — 0% = 1.98%
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An example;unit-wise

Sales
o 35 e
1 $1M $1M
2 $100M $100M

3 $1M $2M
4 $100M $101M

Each store gets
counted equally

DiD = 50.5% — 0% = 50.5%
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Preparing for unit-wise DiD
optional_material()
df_online_reg » pd.merge(df_online pre.groupby(['id (OMA)', ‘close'])
.sales
“reset_index()
Lrenane(columnse{ 'sales’':'sales_before’}),
df_online_post.groupby('id (OMA)')
v
)

-reset_index()
.renane(columns={‘sales’: ‘sales_after’)),

o) ”,
validate='one_to_one’)
f_bm_reg = pd.merge(df_be_pre.groupby(['id (store)’, ‘usa’])
Lsales

+sum()
.reset_index()
.renane(colusns={"ssles’: sales_before'}),

@f_ba_post. groupby('1d (store)’)
s

.reset_index()
-rensne(columnse('sales':‘sales_after'}),
on = ‘id (store)
validate='one_to_one')
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Preparing for unit-wise DiD
df_online_reg.head()
..

0 18185056406 19762506406

0
1 2

2 31 51751346005 34692910405
3 4 1 84947516404 7.400218e+04
4 5

0 89266400405 5490454¢+05
4f _bn_reg.head()

d(store) usa sales_before  sales_after

0 10 34262160006 3.067961e06
1 112062366406 1.1369186+06
2 5 1 27241760406 25181390406
3 71 22202106406 1.772500e+06
4 9 1 26476216408 26179020406
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Preparing for unit-wise DiD

df_online_reg['perc_change'] = ((df_online_reg.sales_after
- df_online_reg.sales_before)/df_online_reg.sales_before)
df_bm_reg['perc_change'] = ((df_bm_reg.sales_after
- df_bm_reg.sales_before)/df_bm_reg.sales_before)

df_online_reg.head(2)

id(DMA) close sales before  sales_after perc_change

] 1 1 6.500395e+05 5.312964e+05  -0.182671
1 2 0 1.8185056+06 1.976250e+06 0086744

df_bm_reg.head(2)

id(store) usa sales_befors  sales_after perc_change

10 342621630 3067961e+06  -0.104563

°

1 3 1 128623586 1.138918e+06  -0.114534
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Unit-wise DiD

print(‘Online DiD')
print(str(round((df_online_reg[df_online_reg.close == 1].perc_change.mean()
- df_online_reg[df_online_reg.close == @].perc_change.mean())*1e8, 2)) + '%')

print()
print('8&M DiD')

print(str(round((df_bm_reg[df_bm_reg.usa == 1].perc_change.mean()
- df_bm_reg[df_bm_reg.usa == 8].perc_change.mean())*100, 2)) + '%')

online DiD
-2.67% (—\Was~3.s% using

88M DiD Method 2
5.74%
¥W45 5.8% using
Method
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DiD using linear regression
Unit-wise DiD can we done using linear regression

%SalesChange; = a + b x TREATED; + error

Each line in the data is one unit (DMA/store/etc...)
- i the index of the unit (DMA or store)

* TREATED;: equal to 1 if unit i received the treatment (i.e., if the
DMA was close for online sales or the store was in the USA for
B&M sales) and 0 otherwise

* b: measures the impact of the treatment (BOPS)
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Unit-wise DiD (online sales) Unit-wise DiD (B&M sales)

on_re) 445

1] Standas Erios axsiame tha he covariance mafr of P arors i corecty specsied
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Adding explanatory variables

SuPpose in some stores, Home and Kitchen competes with Bed,
Bath, and Beyond. This can be accounted for in the regressing

%SalesChange; = a + b x TREATED; + ¢ x BBB; + error

Each line in the data is one unit (DMA/store/etc...)

« i: the index of the unit (DMA or store)

* TREATED;: equal to 1 jf unit / received the treatment (i.e., if the
DMA was close for online sales or the store was in the USA for
B&M sales) and 0 otherwise

« b: measures the impact of the treatment (BOPS)

« Other variables can be added (e.g.: store specific variables, etc...)
to correct for confounding variables
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Another application: search
engine marketing (SEM) at
eBay
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Search engine marketing at eBay
Context: in 2010, eBay spent $4 million
m per month on “search engine marketing”
(SEM) (also known as sponsored search
advertising)
Cost of SEM: pay a fee each time a customer clicks on an ad
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Measuring the impact of advertising: Google’s Advice

How ROl Works
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Measuring the impact of SEM at eBay

Experiment (focus on non-branded keywords without the word

“eBay”:

« Construct treatment/control groups through DMAs (it's easy to
restrict ads by geographic areas; serve ads only to some
areas)

« Treated group: out of 210 DMAs, randomly select 65 where
Google SEM would be turned off from two months

- Control group: create a control group of DMAs that match the
previous 65 (similar traffic seasonality)
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Measuring the impact of SEM at eBay
Estimate the impact of SEM on sales by using difference in
differences
(Difference in Sales in treated group)
— (Difference in Sales in control group)
Result:

+ SEM increases sales by about 0.44% (not statistically
significant)
« ROl estimate: -63% (short term estimate)

Source: “Consumer Heterogeneity and Paid Search Effectiveness: A Large Scale Field Experiment,”

Econometrica, 2015. Blake, T., Nosko, C., and Tadelis, S.
pdf
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